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Abstract. The model of nonlinear vibrations of the rotor supported by axial preload angular ball-
bearings was developed. The frequency response of the system is obtained by the continuation method 
at joint action of unbalance and vibration of supports. Analysis showed that vibrations occurred not 
only at fundamental resonant frequencies but also at frequencies less than the resonant ones in inte-
ger times. The character of periodical decisions is investigated. 
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РЕЗОНАНСНЫЕ КОЛЕБАНИЯ РОТОРА  

НА ШАРИКОПОДШИПНИКАХ С ОСЕВЫМ НАТЯГОМ  
ПРИ СОВМЕСТНОМ ДЕЙСТВИИ ДИСБАЛАНСА И ВИБРАЦИИ ОПОР 
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Харьковский национальный автомобильно-дорожный университет 
 

Аннотация. Получена модель нелинейных колебаний ротора на радиально-упорных шарико-
подшипниках с предварительным осевым натягом. Методом продолжения по параметру по-
лучена амплитудно-частотная характеристика системы при совместном действии дисбалан-
са и вибрации опор. Анализ показал, что колебания возникают не только на основных резо-
нансных частотах, но и на частотах меньше резонансных в целое число раз.  
 
Ключевые слова: ротор, радиально-упорный шарикоподшипник, нелинейные колебания, 
резонанс. 
 

РЕЗОНАНСНІ КОЛИВАННЯ РОТОРА НА ШАРИКОПІДШИПНИКАХ  
З ОСЬОВИМ НАТЯГОМ ПРИ СПІЛЬНІЙ ДІЇ ДИСБАЛАНСУ І ВІБРАЦІЇ ОПОР 

 
С.В. Філіпковський, доц., к.т.н., Р.Г. Маковєй, ст. викл.,  

Харківський національний автомобільно-дорожній університет 
 

Анотація. Отримано модель нелінійних коливань ротора на радіально-упорних шарикопідши-
пниках з попереднім осьовим натягом. Методом продовження по параметру отримано амп-
літудно-частотну характеристику системи при спільній дії дисбалансу і вібрації опор. Аналіз 
показав, що коливання виникають не тільки на основних резонансних частотах, але і на час-
тотах менше резонансних в ціле число разів. 
 
Ключові слова: ротор, радіально-упорний шарикопідшипник, нелінійні коливання, резонанс. 
 
 

Introduction 
 
Many devices of special vehicles, for example 
gyroscopic instruments, fans, centrifugal com-
pressors operate under conditions of vibration, 

which propagates through the machine structure, 
even in the presence of vibration isolation. The 
rotors of these units must be protected from im-
pacts that may occur as a result of opening and 
closing the clearances between the rolling balls 
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and races of bearings under transverse rotor vi-
bration. These rotors are mounted on angular 
contact ball bearings with axial preload. 
 

Analysis of publications 
 
The equations for determining the non-linear 
stiffness of preloaded bearings are derived in 
[1], however, for the carried out in this article 
research they are linearized. In the article [2], 
numerically and experimentally there were in-
vestigated the transverse vibrations of the pre-
loaded angular-contact ball bearing rotor caused 
by an unbalance of the disc as well as show their 
dependence on the nonlinear contact forces. In 
article [3] there was studied the parametric in-
stability of the shaft with ball bearings under the 
influence of a variable axial force. 
 
In article [4] there were explored the free oscil-
lations of the preloaded angular-contact ball 
bearing rotor as well as derived the backbone 
curves and nonlinear normal modes of oscilla-
tions at different angles between the line of ac-
tion of the contact force and the bearing axis. In 
work [5], there was analyzed the nonlinear mod-
el of ball bearings, obtained on the basis of the 
formulas given in article [1] and defined the lim-
its of applicability of this model. 
 

Purpose and problem statement 
 
Effect of supports vibration on forced oscilla-
tions of the rotor is not investigated so far. The 
solution to this problem is urgent, since in the 
nonlinear rotor systems there often occur super- 
and sub-resonance oscillations. The aim of this 
study is to investigate the resonant oscillations 
occurring in the preloaded angular-contact ball 
bearing rotor caused by the simultaneous action 
of the unbalance and vibration of supports. 
 

Design model 
 
The rotor is a shaft with a disk fixed eccentrical-
ly relative to supports (Fig. 1). Designation and 
conditions of machines operation, in which they 
use axial preloaded ball bearings, are such that 
the co-relation of the length and diameter of the 
shaft determine the stiffness of the shaft in the 
order of magnitude more than the rigidity of bear-
ings. Therefore, the shaft is considered to be a 
non-deformable body, the rotor center of mass is 
considered to be concentrated in the center of the 
disc, and the degrees of freedom are the spindles 
movement relative to the outer bearing rings. 

 
Fig. 1. Rotor design 

 
The components of elastic bearing reactions 
along the coordinate axes were derived in work 
[1]. One can consider them to be the compo-
nents of the vector function  XK , where X  is 
the vector of generalized coordinates. 
 

Equations of rotor oscillations 
 
The length of the shaft will be denoted l; move-
ment of the shaft center line in the directions of 
the coordinate axes xu , yu are as follows: 
 

      ,, 21 l
tx

l
ltxtu x

  

      ,, 21 l
ty

l
ltytu y

           (1) 

 
where ζ is the coordinate of the shaft cross-
section along the axis z,  tx1 ,  tx2 ,  ty1 ,  ty2  are generalized coordinates describing the 
radial movement of spindles; t is a time. The 
inner rings of ball bearings produce both radial 
and axial oscillations relative to the outer rings. 
Let’s note that the movement is insufficient 
compared with the length of the shaft. Then, the 
longitudinal oscillations of the rotor along the 
coordinate axis z can be described by a general-
ized coordinate  tzu z  . 
 
To generate the equations of motion, one can 
use the Lagrange equations. Under our assump-
tions, the expression of the kinetic energy of the 
shaft B  as a function of generalized coordi-
nates will be as follows 
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where ρ is density of the shaft material, I and S 
are the second moment of area and the area of 
the shaft, respectively; Ω is an angular speed of 
the rotor. The kinetic energy of the disk D  as a 
function of generalized coordinates will be 
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where 1I  and 0I  are the diametrical and polar 
moments of inertia of a disk, respectively, 0m  is 
the mass of the disk, D  is the disk coordinate 
along the axis z. 
 
From the assumption that the shaft is non-
deformable, it follows that the potential energy 
of system deformation is represented only by the 
energy of deformation of bearings  zyxyx ,,,, 2211 . Derivatives of the 
potential energy on generalized coordinates are 
components of the vector function  XK . 
 
Damping is due to bearings lubrication, usually 
it is determined on the basis of experiments and 
described by the model of viscous friction [6, 7]. 
In this case, the Rayleigh dissipation function Φ 
has the form 
  22

2
2
2

2
1

2
12

zyxyxC   ,        (4) 
 

where C is the damping factor. 
 
Using expressions (1), (2), (3) and (4), one can 
obtain the equation of oscillations in the matrix 
form 
    ,tQXKXCXGXM        (5) 
 
where M  is the mass matrix, G  is the gyro-
scopic matrix, C  is the damping matrix,  tQ  is 
the right-hand part vector. 
 
Oscillations are excited by the combined effect 
of the disk unbalance forces and the vibration of 
supports, therefore 

     ttt D ,,  QQQ ,            (6) 
 
where  tD ,Q  is the vector of forces due to 
unbalance of the disk,  t,Q  – the vector of 
kinematic excitation of oscillations, ω is the an-
gular frequency of vibration of supports. The 
first vector is obtained by differentiating (3). Its 
components have the following form 
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The second vector in (6) should be written as 
follows [8] 
    tt ,,   AMQ , 
 
where M  is the mass matrix,  t,A  is the 
vector of vibration acceleration of supports, 
    ,sin2211 tAAAAA

t

zyxyx 



A

 

 
where 1xA ,..., zA  are the vibration acceleration 
amplitude. 
 

Numerical analysis of forced vibrations 
 
To study the periodic solutions of the equation 
(5), we’ll build a frequency response of peak-to-
peak displacements caused by frequency ω. Fre-
quency Ω is considered to be fixed. Let’s define 
the dimensionless parameters as follows: 

01 zxxA  , 01 zyy A  , 02 zxxB  , 

02 zyyB  , 0zzz A  , 1 , 1 , 
1 t , where 0z  is an axial displacements of 

the inner ring of the bearing with respect to the 
outer ring due to the action of the preload force, 

1  is the fundamental resonant frequency of the 
linearized system. In this work, analysis of the 
solutions of equation (5) is formed, using the 
continuation method that was proposed in work 
[9] and improved in work [10] in the study of 
nonlinear rotor vibrations caused by unbalance. 
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Oscillations of the non-deformable rotor with 
one disk l = 0,5 m, ζD = 0,125 m, the shaft diam-
eter d = 0,025 m, m0 = 10 kg, I1 = 0,1 kg∙m2, 
I0 = 0,2 kg∙m2 that rotates on angular contact 
bearings of average series as per GOST Stand-
ard 831-75 are considered. The bearing parame-
ters are as follows: the radius of the outer race 
R2 = 27,5167 mm; α = 15°; the radius of the in-
ner race R1 = 16,000 mm; the radius of the cross 
section of races RK = 5,930 mm; the ball diame-
ter dB = 11,510 mm; the number of balls ΝB = 7; 
the modulus of elasticity E = 2,1∙1011 Pa;  
Poisson ratio μ = 0,3. 
 
At joint action of the unbalance and vibration of 
supports the basic resonant oscillations occur in 
form when the shaft spindles are located at one 
side of the bearing axis and move in a circle in 
the shaft rotation direction. The frequency of 
these oscillations corresponds to the third fre-
quency of free oscillations and is further defined 
by 3 . Besides this resonance there appear reso-
nances of other forms of rotor oscillations as 
well as super-resonance oscillations. Fig. 2 
shows the frequency response of the coordinate 
yB due to parameter  . 

 
Fig. 2. Frequency response yB  due to   

 
The resonance peaks 5 , 25  and 35  corre-
spond to the modes when the shaft spindles are 
located on opposite sides of the axis of symmetry 
of bearings and during oscillations move towards 
the rotor rotation. Super-resonance frequencies 

25  and 35  refer to resonance frequency 5  
as integers – 1/2 and 1/3.  
 
Resonance 4  corresponds to the form when 
the shaft spindles are located on opposite sides 
of the axis of symmetry of bearings and during 
oscillations move oppositely the shaft rotation. 
The frequencies 4 and 5  represent the fourth 
and fifth frequency of free oscillations. In Fig. 2 
resonances with lower frequencies correspond-
ing to these modes are noticeable. Their peak-to-

peak displacements are small and the frequen-
cies are also treated as integers. 
 
The resonant peak 3  has the highest magni-
tude. In the region of low frequencies in Fig. 2 
there can be seen super-resonances 23  and 

33  as well as not marked in the figure 43  
and 53 , which correspond to the modes when 
the shaft spindles are located at one side of the 
axis of symmetry of bearings and during oscilla-
tions move towards the shaft rotation. Their fre-
quencies refer to the frequency of the fundamen-
tal resonance as 1/2, 1/3, 1/4, 1/5. 
 

Analysis of resonant oscillation modes 
 
The orbit s of the centers of shaft spindles on the 
main resonances of all modes are close to a cir-
cles as shown in Fig. 3 for the mode correspond-
ing to 3  ( 0,9858).  

 
 

Fig. 3. The orbit of the spindle B, 9858,0  
 

For super-resonance frequency during each cy-
cle of oscillation the shaft spindle describes as 
many loops close to the circumference as many 
times the frequency is lower than the fundamen-
tal frequency for this mode, as it is shown in 
Fig. 4 for 23 and in Fig. 5 for 33 . 
 

 
 

Fig. 4. The orbit of the spindle B, 5619,0  
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Between the peaks with big peak-to-peak dis-
placements in Fig. 2 there can be clearly seen 
the peaks with relatively small displacements 
and frequencies relating to the resonance fre-
quency 4  and 5  as integers. As a result of 
the superposition of oscillations according to 
several modes, here the orbits of the centers of 
spindles are more complex, as it is shown in 
Fig. 6 for the frequency 0,5098 . 

 
 

Fig. 5. The orbit of the spindle B, 3746,0  
 

 
 

Fig. 6. The orbit of the spindle A, 0,5098  
 
In this mode, there occurs the superposition of 
oscillations according to the modes of resonanc-
es 3  and 5 . 
 

Conclusions 
 
Analysis of the nonlinear preloaded angular-
contact ball bearings rotor dynamics has shown 
that at joint action of unbalance and vibration of 
supports there are excited several forms of rotor 
oscillations. All frequency responses are soft. In 
this case, besides the main resonance oscilla-
tions there occur super-resonance oscillations at 

frequencies lower than the resonant ones in an 
integer number of times. 
 
Resonances corresponding to the modes, when 
the shaft spindles are located on one side of the 
symmetry axis of bearings have the largest am-
plitude, and the resonances corresponding to the 
modes, when the shaft spindles are located on 
opposite sides of the axis of symmetry of bear-
ings and during oscillating move oppositely to 
the shaft rotation – the lowest amplitude. 
 
This system behavior is explained by the com-
plexity of disturbances due to the fact that the 
rotor rotation frequency is within the range of 
vibration frequencies of supports. The superpo-
sition of these disturbing vibrations leads to the 
fact that in the disturbing load there can be ob-
served beats that cause super-resonant oscilla-
tions. 
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