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Ⱥɧɧɨɬɚɰɢɹ. Ɋɚɛɨɬɚ ɩɨɫɜɹɳɟɧɚ ɜɨɩɪɨɫɭ ɚɜɬɨɦɚɬɢɡɚɰɢɢ ɝɢɞɪɚɜɥɢɱɟɫɤɨɝɨ ɷɤɫɤɚɜɚɬɨɪɚ. Ɋɚɫ-
ɫɦɚɬɪɢɜɚɹ ɫɢɫɬɟɦɭ ɫɬɪɟɥɚ–ɪɭɤɨɹɬɶ–ɤɨɜɲ ɤɚɤ ɡɜɟɧɶɹ ɦɚɧɢɩɭɥɹɬɨɪɚ ɩɪɨɦɵɲɥɟɧɧɨɝɨ ɪɨɛɨɬɚ, 
ɩɪɢ ɩɨɦɨɳɢ ɩɪɨɰɟɞɭɪɵ Ⱦɟɧɚɜɢɬɚ–ɏɚɪɬɟɧɛɟɪɝɚ, ɡɚɩɢɫɚɧɵ ɭɪɚɜɧɟɧɢɹ ɤɢɧɟɦɚɬɢɤɢ ɷɤɫɤɚɜɚɬɨɪɚ. 
ɇɚ ɨɫɧɨɜɚɧɢɢ ɦɟɬɨɞɚ ɇɶɸɬɨɧɚ–ɗɣɥɟɪɚ ɩɨɥɭɱɟɧɵ ɭɪɚɜɧɟɧɢɹ ɞɢɧɚɦɢɤɢ ɡɜɟɧɶɟɜ ɦɚɧɢɩɭɥɹɬɨɪɚ 
ɷɤɫɤɚɜɚɬɨɪɚ ɜ ɮɨɪɦɟ, ɭɞɨɛɧɨɣ ɞɥɹ ɪɚɛɨɬɵ ɜ ɪɟɚɥɶɧɨɦ ɜɪɟɦɟɧɢ ɩɪɢ ɪɟɲɟɧɢɢ ɡɚɞɚɱ ɭɩɪɚɜɥɟɧɢɹ. 
 
Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: ɝɢɞɪɚɜɥɢɱɟɫɤɢɣ ɷɤɫɤɚɜɚɬɨɪ, ɫɢɫɬɟɦɚ ɭɩɪɚɜɥɟɧɢɹ, ɭɪɚɜɧɟɧɢɹ ɤɢɧɟɦɚɬɢɤɢ, ɞɢ-
ɧɚɦɢɱɟɫɤɚɹ ɦɨɞɟɥɶ. 
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Ⱥɧɨɬɚɰɿɹ. Ɋɨɛɨɬɚ ɩɪɢɫɜɹɱɟɧɚ ɩɢɬɚɧɧɸ ɚɜɬɨɦɚɬɢɡɚɰɿʀ ɝɿɞɪɚɜɥɿɱɧɨɝɨ ɟɤɫɤɚɜɚɬɨɪɚ. Ɋɨɡɝɥɹɞɚɸ-
ɱɢ ɫɢɫɬɟɦɭ ɫɬɪɿɥɚ–ɪɭɤɨɹɬɶ–ɤɿɜɲ ɹɤ ɥɚɧɤɢ ɦɚɧɿɩɭɥɹɬɨɪɚ ɩɪɨɦɢɫɥɨɜɨɝɨ ɪɨɛɨɬɚ, ɡɚ ɞɨɩɨɦɨɝɨɸ 
ɩɪɨɰɟɞɭɪɢ Ⱦɟɧɚɜɿɬɚ–ɏɚɪɬɟɧɛɟɪɝɚ, ɡɚɩɢɫɚɧɨ ɪɿɜɧɹɧɧɹ ɤɿɧɟɦɚɬɢɤɢ ɟɤɫɤɚɜɚɬɨɪɚ. ɇɚ ɩɿɞɫɬɚɜɿ 
ɦɟɬɨɞɭ ɇɶɸɬɨɧɚ–ȿɣɥɟɪɚ ɨɬɪɢɦɚɧɨ ɪɿɜɧɹɧɧɹ ɞɢɧɚɦɿɤɢ ɥɚɧɨɤ ɦɚɧɿɩɭɥɹɬɨɪɚ ɟɤɫɤɚɜɚɬɨɪɚ ɭ ɡɪɭ-
ɱɧɿɣ ɞɥɹ ɪɨɛɨɬɢ ɜ ɪɟɚɥɶɧɨɦɭ ɱɚɫɿ ɩɪɢ ɜɢɪɿɲɟɧɧɿ ɡɚɜɞɚɧɶ ɤɟɪɭɜɚɧɧɹ ɮɨɪɦɿ. 
 
Ʉɥɸɱɨɜɿ ɫɥɨɜɚ: ɝɿɞɪɚɜɥɿɱɧɢɣ ɟɤɫɤɚɜɚɬɨɪ, ɫɢɫɬɟɦɚ ɤɟɪɭɜɚɧɧɹ, ɪɿɜɧɹɧɧɹ ɤɿɧɟɦɚɬɢɤɢ, ɞɢɧɚɦɿɱɧɚ 
ɦɨɞɟɥɶ. 
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Abstract. This paper deals with the problem of hydraulic excavator automation. Considering the arm-
handle-bucket system as links of a robotic industrial manipulator and using the Denavit-Hartenberg 
procedure, the kinematics equations of the excavator are obtained. Based on the Newton-Euler equa-
tions, a dynamic model for excavator manipulator links in the form suitable for real-time control tasks 
solution is obtained. 
 
Key words: hydraulic excavator, control system, kinematics equation, dynamic model. 
 
 
 

ȼɜɟɞɟɧɢɟ 
 
Ɉɤɨɥɨ ɩɨɥɨɜɢɧɵ ɜɫɟɯ ɡɟɦɥɹɧɵɯ ɪɚɛɨɬ ɩɪɨɢɡ-
ɜɨɞɢɬɫɹ ɫ ɩɨɦɨɳɶɸ ɷɤɫɤɚɜɚɬɨɪɚ, ɩɨɷɬɨɦɭ 
ɩɨɜɵɲɟɧɢɟ ɷɮɮɟɤɬɢɜɧɨɫɬɢ, ɩɪɨɢɡɜɨɞɢɬɟɥɶ-
ɧɨɫɬɢ ɢɫɩɨɥɶɡɨɜɚɧɢɹ ɷɤɫɤɚɜɚɬɨɪɨɜ ɹɜɥɹɟɬɫɹ 
ɨɞɧɨɣ ɢɡ ɚɤɬɭɚɥɶɧɵɯ ɡɚɞɚɱ ɪɚɡɜɢɬɢɹ ɦɚɲɢɧ 
ɞɥɹ ɡɟɦɥɹɧɵɯ ɪɚɛɨɬ (ɆɁɊ). Ⱦɨ ɧɟɞɚɜɧɟɝɨ 
ɜɪɟɦɟɧɢ ɪɟɲɟɧɢɟ ɷɬɢɯ ɡɚɞɚɱ ɨɫɭɳɟɫɬɜɥɹɥɨɫɶ 
ɜ ɨɫɧɨɜɧɨɦ ɬɪɚɞɢɰɢɨɧɧɵɦɢ ɫɪɟɞɫɬɜɚɦɢ – ɡɚ 

ɫɱɟɬ ɭɫɨɜɟɪɲɟɧɫɬɜɨɜɚɧɢɹ ɤɨɧɫɬɪɭɤɰɢɣ ɭɡɥɨɜ 
ɢ ɦɟɯɚɧɢɡɦɨɜ ɆɁɊ. ɗɬɨ ɨɛɭɫɥɨɜɥɟɧɨ ɬɟɦ, ɱɬɨ 
ɷɤɫɤɚɜɚɬɨɪ, ɞɚ ɢ ɜɫɟ ɆɁɊ, ɹɜɥɹɸɬɫɹ ɫɥɨɠɧɵ-
ɦɢ ɞɢɧɚɦɢɱɟɫɤɢɦɢ ɫɢɫɬɟɦɚɦɢ, ɤɨɬɨɪɵɟ ɤ 
ɬɨɦɭ ɠɟ ɞɨɥɠɧɵ ɪɚɛɨɬɚɬɶ ɜ ɧɟɨɞɧɨɪɨɞɧɨɣ, 
ɢɡɦɟɧɹɸɳɟɣɫɹ ɫɪɟɞɟ, ɱɚɫɬɨ ɜ ɧɟɛɥɚɝɨɩɪɢɹɬ-
ɧɵɯ ɩɨɝɨɞɧɵɯ ɭɫɥɨɜɢɹɯ. Ɍɟɦ ɧɟ ɦɟɧɟɟ ɞɥɹ  
ɞɚɥɶɧɟɣɲɟɝɨ ɭɫɨɜɟɪɲɟɧɫɬɜɨɜɚɧɢɹ ɷɤɫɤɚɜɚ-
ɬɨɪɨɜ ɧɟɨɛɯɨɞɢɦɨ ɪɚɡɜɢɬɢɟ ɫɢɫɬɟɦ ɚɜɬɨɦɚ-
ɬɢɱɟɫɤɨɝɨ ɭɩɪɚɜɥɟɧɢɹ. 
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Ʉɪɨɦɟ ɩɪɨɦɵɲɥɟɧɧɨɝɨ ɩɪɢɦɟɧɟɧɢɹ, ɝɞɟ ɚɜ-
ɬɨɦɚɬɢɡɚɰɢɹ ɆɁɊ ɦɨɬɢɜɢɪɭɟɬɫɹ, ɝɥɚɜɧɵɦ 
ɨɛɪɚɡɨɦ, ɷɤɨɧɨɦɢɱɟɫɤɢɦɢ ɫɨɨɛɪɚɠɟɧɢɹɦɢ, 
ɪɚɡɜɢɬɢɟ ɫɢɫɬɟɦ ɭɩɪɚɜɥɟɧɢɹ ɬɚɤɢɦɢ ɦɚɲɢ-
ɧɚɦɢ ɫɬɢɦɭɥɢɪɭɟɬɫɹ ɢ ɞɪɭɝɢɦɢ ɫɮɟɪɚɦɢ ɞɟɹ-
ɬɟɥɶɧɨɫɬɢ, ɧɚɩɪɢɦɟɪ, ɤɨɫɦɢɱɟɫɤɢɦɢ ɢɫɫɥɟ-
ɞɨɜɚɧɢɹɦɢ, ɥɢɤɜɢɞɚɰɢɟɣ ɱɪɟɡɜɵɱɚɣɧɵɯ 
ɫɢɬɭɚɰɢɣ, ɩɟɪɟɪɚɛɨɬɤɨɣ ɯɢɦɢɱɟɫɤɢɯ ɢ ɹɞɟɪ-
ɧɵɯ ɨɬɯɨɞɨɜ [1–3]. ȼɫɟ ɷɬɨ, ɚ ɬɚɤɠɟ ɡɧɚɱɢ-
ɬɟɥɶɧɵɟ ɞɨɫɬɢɠɟɧɢɹ ɜ ɬɟɨɪɢɢ ɭɩɪɚɜɥɟɧɢɹ ɢ 
ɬɟɯɧɢɱɟɫɤɢɯ ɫɪɟɞɫɬɜ ɚɜɬɨɦɚɬɢɡɚɰɢɢ, ɩɪɢɜɟɥɨ 
ɤ ɢɧɬɟɧɫɢɮɢɤɚɰɢɢ ɪɚɛɨɬ ɩɨ ɫɨɡɞɚɧɢɸ ɫɢɫɬɟɦ 
ɚɜɬɨɦɚɬɢɱɟɫɤɨɝɨ ɭɩɪɚɜɥɟɧɢɹ ɆɁɊ ɢ, ɜ ɱɚɫɬ-
ɧɨɫɬɢ, ɷɤɫɤɚɜɚɬɨɪɚɦɢ. 
 

Ⱥɧɚɥɢɡ ɩɭɛɥɢɤɚɰɢɣ 
 
Ɇɧɨɝɢɟ ɪɚɛɨɬɵ ɩɨ ɭɩɪɚɜɥɟɧɢɸ ɷɤɫɤɚɜɚɬɨɪɚ-
ɦɢ ɫ ɝɢɞɪɨɩɪɢɜɨɞɨɦ ɫɮɨɤɭɫɢɪɨɜɚɧɵ ɧɚ ɞɢ-
ɫɬɚɧɰɢɨɧɧɨɦ ɭɩɪɚɜɥɟɧɢɢ ɪɚɛɨɬɨɣ ɦɚɲɢɧɵ, 
ɤɨɝɞɚ ɨɩɟɪɚɬɨɪ ɭɞɚɥɹɟɬɫɹ ɢɡ ɦɚɲɢɧɵ, ɧɚɩɪɢ-
ɦɟɪ, ɩɨ ɫɨɨɛɪɚɠɟɧɢɹɦ ɛɟɡɨɩɚɫɧɨɫɬɢ [3–5]. 
Ȼɨɥɟɟ ɜɵɫɨɤɢɣ ɭɪɨɜɟɧɶ ɚɜɬɨɧɨɦɧɨɫɬɢ ɞɨɫɬɢ-
ɝɚɟɬɫɹ ɩɪɢ ɫɨɜɦɟɫɬɧɨɦ ɢɫɩɨɥɶɡɨɜɚɧɢɢ ɨɩɟɪɚ-
ɬɨɪɚ ɢ ɫɢɫɬɟɦɵ ɭɩɪɚɜɥɟɧɢɹ. ȼ ɷɬɨɦ ɫɥɭɱɚɟ 
ɨɩɟɪɚɬɨɪ ɜɵɛɢɪɚɟɬ ɩɨɥɨɠɟɧɢɟ ɤɨɜɲɚ, ɚ ɫɢ-
ɫɬɟɦɚ ɭɩɪɚɜɥɟɧɢɹ ɛɟɪɟɬ ɧɚ ɫɟɛɹ ɧɟɩɨɫɪɟɞ-
ɫɬɜɟɧɧɨ ɩɪɨɰɟɫɫ ɤɨɩɚɧɢɹ ɝɪɭɧɬɚ ɢ ɟɝɨ ɞɨ-
ɫɬɚɜɤɢ ɧɚ ɬɪɚɧɫɩɨɪɬɧɵɟ ɫɪɟɞɫɬɜɚ ɞɥɹ 
ɞɚɥɶɧɟɣɲɟɣ ɩɟɪɟɜɨɡɤɢ [6–14]. 
 
ɇɚ ɫɥɟɞɭɸɳɟɦ ɭɪɨɜɧɟ ɚɜɬɨɧɨɦɧɨɫɬɢ ɪɚɫɩɨ-
ɥɨɠɟɧɵ ɫɢɫɬɟɦɵ, ɚɜɬɨɦɚɬɢɱɟɫɤɢ ɨɩɪɟɞɟɥɹ-
ɸɳɢɟ ɦɟɫɬɨ ɤɨɩɚɧɢɹ. Ɍɚɤɢɟ ɫɢɫɬɟɦɵ ɢɡɦɟ-
ɪɹɸɬ ɬɨɩɨɥɨɝɢɸ ɦɟɫɬɧɨɫɬɢ, ɢɫɩɨɥɶɡɭɹ 
ɥɨɤɚɰɢɨɧɧɵɟ ɞɚɬɱɢɤɢ, ɢ ɜɵɱɢɫɥɹɸɬ ɬɪɚɟɤɬɨ-
ɪɢɸ ɤɨɩɚɧɢɹ [15, 16]. ɇɚ ɫɚɦɨɦ ɜɵɫɨɤɨɦ 
ɭɪɨɜɧɟ ɚɜɬɨɧɨɦɧɨɫɬɢ ɧɚɯɨɞɹɬɫɹ ɫɢɫɬɟɦɵ, 
ɤɨɬɨɪɵɟ ɜɵɩɨɥɧɹɸɬ ɜɫɸ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɶ 
ɩɪɨɰɟɞɭɪɵ ɤɨɩɚɧɢɹ ɜ ɬɟɱɟɧɢɟ ɞɥɢɬɟɥɶɧɨɝɨ 
ɩɟɪɢɨɞɚ [17–20]. 
 
Ɉɞɢɧ ɢɡ ɩɨɞɯɨɞɨɜ ɩɪɢ ɩɪɨɟɤɬɢɪɨɜɚɧɢɢ ɫɢ-
ɫɬɟɦ ɭɩɪɚɜɥɟɧɢɹ ɧɟɩɨɫɪɟɞɫɬɜɟɧɧɨ ɩɪɨɰɟɫɫɨɦ 
ɤɨɩɚɧɢɹ ɫɜɹɡɚɧ ɫ ɪɚɫɫɦɨɬɪɟɧɢɟɦ ɫɢɫɬɟɦɵ 
ɫɬɪɟɥɚ-ɪɭɤɨɹɬɶ-ɤɨɜɲ ɤɚɤ ɦɚɧɢɩɭɥɹɬɨɪɚ ɩɪɨ-
ɦɵɲɥɟɧɧɨɝɨ ɪɨɛɨɬɚ. Ɍɚɤɨɣ ɩɨɞɯɨɞ ɨɩɪɚɜɞɚɧ, 
ɬ.ɤ. ɨɱɟɜɢɞɧɵ ɩɚɪɚɥɥɟɥɢ ɦɟɠɞɭ «ɤɥɚɫɫɢɱɟ-
ɫɤɢɦɢ» ɪɨɛɨɬɚɦɢ ɢ ɪɨɛɨɬɢɡɢɪɨɜɚɧɧɵɦɢ ɷɤɫ-
ɤɚɜɚɬɨɪɚɦɢ. Ɉɞɧɚɤɨ ɩɪɢ ɷɬɨɦ ɧɟɨɛɯɨɞɢɦɨ 
ɭɱɢɬɵɜɚɬɶ ɢ ɪɹɞ ɩɪɢɧɰɢɩɢɚɥɶɧɵɯ ɨɬɥɢɱɢɣ. ȼ 
ɱɚɫɬɧɨɫɬɢ ɷɤɫɤɚɜɚɬɨɪ ɧɟ ɡɚɮɢɤɫɢɪɨɜɚɧ ɠɟɫɬ-
ɤɨ ɨɬɧɨɫɢɬɟɥɶɧɨ ɪɚɛɨɱɟɣ ɩɨɜɟɪɯɧɨɫɬɢ, ɨɧ 
ɩɟɪɟɦɟɳɚɟɬɫɹ ɩɨ ɩɨɜɟɪɯɧɨɫɬɢ, ɩɪɢ ɷɬɨɦ ɚɤ-
ɬɢɜɧɨ ɢɡɦɟɧɹɹ ɟɺ [15]. Ȼɨɥɟɟ ɬɨɝɨ, ɧɟɩɨɫɬɨ-
ɹɧɫɬɜɨ ɫɜɨɣɫɬɜ ɝɪɭɧɬɚ ɞɟɥɚɟɬ ɪɚɛɨɬɭ ɷɤɫɤɚɜɚ-

ɬɨɪɚ ɧɚɦɧɨɝɨ ɛɨɥɟɟ ɫɥɨɠɧɨɣ, ɱɟɦ ɡɚɞɚɱɢ 
ɨɛɵɱɧɨɝɨ ɪɨɛɨɬɚ [17]. ɉɨɷɬɨɦɭ ɩɪɨɛɥɟɦɚ 
ɫɨɡɞɚɧɢɹ ɫɢɫɬɟɦ ɭɩɪɚɜɥɟɧɢɹ ɪɚɛɨɱɢɦ ɩɪɨ-
ɰɟɫɫɨɦ ɷɤɫɤɚɜɚɬɨɪɚ ɹɜɥɹɟɬɫɹ ɚɤɬɭɚɥɶɧɨɣ. 
 

ɐɟɥɶ ɢ ɩɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɢ 
 
ɐɟɥɶɸ ɞɚɧɧɨɣ ɪɚɛɨɬɵ ɢ ɪɹɞɚ ɩɨɫɥɟɞɭɸɳɢɯ 
ɪɚɛɨɬ ɹɜɥɹɟɬɫɹ ɪɚɡɪɚɛɨɬɤɚ ɫɢɫɬɟɦɵ ɭɩɪɚɜɥɟ-
ɧɢɹ ɷɤɫɤɚɜɚɬɨɪɨɦ ɫ ɝɢɞɪɚɜɥɢɱɟɫɤɢɦ ɩɪɢɜɨ-
ɞɨɦ ɢ ɪɚɛɨɱɢɦ ɨɛɨɪɭɞɨɜɚɧɢɟɦ «ɨɛɪɚɬɧɚɹ 
ɥɨɩɚɬɚ». Ⱦɥɹ ɞɨɫɬɢɠɟɧɢɹ ɩɨɫɬɚɜɥɟɧɧɨɣ ɰɟɥɢ 
ɜ ɪɚɛɨɬɟ ɪɟɲɟɧɵ ɫɥɟɞɭɸɳɢɟ ɡɚɞɚɱɢ: 
– ɚɧɚɥɢɡ ɪɚɛɨɱɟɝɨ ɩɪɨɰɟɫɫɚ ɷɤɫɤɚɜɚɬɨɪɚ ɤɚɤ 
ɨɛɴɟɤɬɚ ɚɜɬɨɦɚɬɢɡɚɰɢɢ; 
– ɩɨɥɭɱɟɧɢɟ ɦɨɞɟɥɟɣ, ɩɨɡɜɨɥɹɸɳɢɯ ɪɟɲɢɬɶ 
ɩɪɹɦɭɸ ɢ ɨɛɪɚɬɧɭɸ ɡɚɞɚɱɢ ɤɢɧɟɦɚɬɢɤɢ ɦɚ-
ɧɢɩɭɥɹɬɨɪɚ ɷɤɫɤɚɜɚɬɨɪɚ; 
– ɩɨɥɭɱɟɧɢɟ ɦɨɞɟɥɢ ɞɢɧɚɦɢɤɢ ɦɚɧɢɩɭɥɹɬɨɪɚ 
ɷɤɫɤɚɜɚɬɨɪɚ ɜ ɮɨɪɦɟ, ɭɞɨɛɧɨɣ ɞɥɹ ɪɚɛɨɬɵ ɫ 
ɧɟɣ ɜ ɪɟɚɥɶɧɨɦ ɜɪɟɦɟɧɢ ɩɪɢ ɪɟɲɟɧɢɢ ɡɚɞɚɱ 
ɭɩɪɚɜɥɟɧɢɹ. 

 
Ɋɚɛɨɱɢɣ ɩɪɨɰɟɫɫ ɷɤɫɤɚɜɚɬɨɪɚ 

 
Ⱦɥɹ ɚɜɬɨɦɚɬɢɡɚɰɢɢ ɪɚɛɨɬɵ ɷɤɫɤɚɜɚɬɨɪɚ 
ɧɟɨɛɯɨɞɢɦɨ ɩɪɨɚɧɚɥɢɡɢɪɨɜɚɬɶ ɪɚɛɨɱɢɣ ɩɪɨ-
ɰɟɫɫ ɤɨɩɚɧɢɹ, ɦɟɬɨɞɵ ɢ ɩɪɢɺɦɵ ɤɨɩɚɧɢɹ ɪɚɡ-
ɥɢɱɧɵɯ ɝɪɭɧɬɨɜ. 
 
Ɋɚɛɨɱɢɣ ɩɪɨɰɟɫɫ ɨɞɧɨɤɨɜɲɨɜɨɝɨ ɷɤɫɤɚɜɚɬɨɪɚ 
ɹɜɥɹɟɬɫɹ ɰɢɤɥɢɱɟɫɤɢɦ ɢ ɫɨɫɬɨɢɬ ɢɡ ɪɚɡɪɚɛɨɬ-
ɤɢ ɢ ɩɟɪɟɦɟɳɟɧɢɹ ɝɪɭɧɬɚ ɢ ɩɟɪɟɞɜɢɠɟɧɢɹ 
ɷɤɫɤɚɜɚɬɨɪɚ ɤ ɡɚɛɨɸ, ɩɨɫɥɟ ɬɨɝɨ ɤɚɤ ɫ ɦɟɫɬɚ 
ɫɬɨɹɧɤɢ ɷɤɫɤɚɜɚɬɨɪɚ ɫɬɚɧɟɬ ɧɟɭɞɨɛɧɨ ɢɥɢ 
ɧɟɜɨɡɦɨɠɧɨ ɩɪɨɞɨɥɠɚɬɶ ɞɚɥɶɧɟɣɲɭɸ ɪɚɡɪɚ-
ɛɨɬɤɭ ɝɪɭɧɬɚ [21]. ȼɨ ɜɪɟɦɹ ɩɟɪɟɞɜɢɠɟɧɢɹ 
ɷɤɫɤɚɜɚɬɨɪɚ ɪɚɛɨɬɚ ɧɟ ɩɪɨɢɡɜɨɞɢɬɫɹ, ɩɨɷɬɨɦɭ 
ɜɪɟɦɹ, ɡɚɬɪɚɱɢɜɚɟɦɨɟ ɧɚ ɩɟɪɟɞɜɢɠɟɧɢɟ, ɫɥɟ-
ɞɭɟɬ ɦɚɤɫɢɦɚɥɶɧɨ ɫɨɤɪɚɳɚɬɶ. ɇɚɫ ɢɧɬɟɪɟɫɭɟɬ 
ɩɪɨɰɟɫɫ ɪɚɡɪɚɛɨɬɤɢ ɢ ɩɟɪɟɦɟɳɟɧɢɹ ɝɪɭɧɬɚ, 
ɫɨɫɬɨɹɳɢɣ ɢɡ ɫɥɟɞɭɸɳɢɯ ɨɩɟɪɚɰɢɣ:  
– ɩɨɡɢɰɢɨɧɢɪɨɜɚɧɢɟ ɫɬɪɟɥɵ ɪɭɤɨɹɬɢ ɢ ɤɨɜɲɚ 
ɩɨɞ ɭɝɥɚɦɢ, ɨɛɟɫɩɟɱɢɜɚɸɳɢɦɢ ɤɨɩɚɧɢɟ ɜɵ-
ɛɪɚɧɧɵɦ ɦɟɬɨɞɨɦ; 
– ɫɨɛɫɬɜɟɧɧɨ ɤɨɩɚɧɢɟ ɝɪɭɧɬɚ (ɡɚɝɪɭɡɤɚ ɤɨɜɲɚ); 
– ɜɵɜɟɞɟɧɢɟ ɤɨɜɲɚ ɫ ɝɪɭɧɬɨɦ ɢɡ ɡɚɛɨɹ; 
– ɩɟɪɟɦɟɳɟɧɢɟ ɡɚɩɨɥɧɟɧɧɨɝɨ ɝɪɭɧɬɨɦ ɤɨɜɲɚ 
ɤ ɦɟɫɬɭ ɪɚɡɝɪɭɡɤɢ; 
– ɪɚɡɝɪɭɡɤɚ ɝɪɭɧɬɚ ɢɡ ɤɨɜɲɚ ɜ ɨɬɜɚɥ ɢɥɢ ɜ 
ɬɪɚɧɫɩɨɪɬɧɨɟ ɫɪɟɞɫɬɜɨ; 
– ɩɟɪɟɦɟɳɟɧɢɟ ɤɨɜɲɚ ɤ ɡɚɛɨɸ. 
 
Ʉɚɠɞɚɹ ɢɡ ɭɤɚɡɚɧɧɵɯ ɨɩɟɪɚɰɢɣ ɯɚɪɚɤɬɟɪɢɡɭ-
ɟɬɫɹ ɪɚɡɧɵɦɢ ɩɨɤɚɡɚɬɟɥɹɦɢ – ɭɫɢɥɢɹɦɢ, ɫɤɨ-
ɪɨɫɬɹɦɢ, ɢɡɦɟɧɟɧɢɟɦ ɢɯ ɜɟɥɢɱɢɧɵ ɢ ɧɚɩɪɚɜ-
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ɥɟɧɢɹ, ɬɨɱɧɨɫɬɶɸ ɢ ɬ.ɞ. ɂɡɦɟɧɟɧɢɟ ɜɫɟɯ ɷɬɢɯ 
ɩɨɤɚɡɚɬɟɥɟɣ ɜ ɨɫɧɨɜɧɨɦ ɡɚɜɢɫɢɬ ɨɬ ɪɚɛɨɱɟɣ 
ɫɪɟɞɵ ɢ ɧɟɨɞɧɨɪɨɞɧɨɫɬɢ ɭɫɥɨɜɢɣ ɪɚɛɨɬɵ, 
ɤɨɧɫɬɪɭɤɰɢɢ ɦɚɲɢɧɵ ɢ ɜ ɰɟɥɨɦ ɨɩɪɟɞɟɥɹɟɬ 
ɧɚɝɪɭɡɤɭ ɪɚɛɨɱɢɯ ɦɟɯɚɧɢɡɦɨɜ, ɤɨɧɫɬɪɭɤɰɢɣ 
ɢ ɞɜɢɝɚɬɟɥɹ ɢɥɢ ɪɟɠɢɦ ɪɚɛɨɬɵ ɦɚɲɢɧɵ. 
 
ȼɚɠɧɨ ɨɬɦɟɬɢɬɶ, ɱɬɨ ɮɢɡɢɱɟɫɤɢɟ ɫɜɨɣɫɬɜɚ 
ɪɚɡɪɚɛɚɬɵɜɚɟɦɨɝɨ ɝɪɭɧɬɚ ɢɦɟɸɬ ɩɪɹɦɨɟ ɜɥɢ-
ɹɧɢɟ ɧɚ ɦɟɬɨɞ ɤɨɩɚɧɢɹ. Ɉɧɢ ɫɭɳɟɫɬɜɟɧɧɨ 
ɨɩɪɟɞɟɥɹɸɬ ɫɢɥɵ, ɞɟɣɫɬɜɭɸɳɢɟ ɧɚ ɤɨɜɲ, ɚ 
ɡɧɚɱɢɬ, ɢ ɧɚ ɩɨɥɟɡɧɭɸ ɦɨɳɧɨɫɬɶ ɦɚɲɢɧɵ. 
 
Ⱦɥɹ ɭɩɪɚɜɥɟɧɢɹ ɭɤɚɡɚɧɧɵɦɢ ɨɩɟɪɚɰɢɹɦɢ 
ɬɪɟɛɭɸɬɫɹ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɟ ɤɨɧɬɭɪɵ ɫɢɫɬɟ-
ɦɵ ɭɩɪɚɜɥɟɧɢɹ, ɤɨɬɨɪɵɟ ɭɱɢɬɵɜɚɸɬ ɨɫɨɛɟɧ-
ɧɨɫɬɢ ɤɚɠɞɨɣ ɨɩɟɪɚɰɢɢ. Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɫɢ-
ɫɬɟɦɚ ɭɩɪɚɜɥɟɧɢɹ ɷɤɫɤɚɜɚɬɨɪɚ ɢɦɟɟɬ 
ɫɥɨɠɧɭɸ ɦɧɨɝɨɭɪɨɜɧɟɜɭɸ ɫɬɪɭɤɬɭɪɭ [17]. 
Ɉɧɚ ɜɤɥɸɱɚɟɬ ɜ ɫɟɛɹ ɩɨɞɫɢɫɬɟɦɵ ɩɥɚɧɢɪɨɜɚ-
ɧɢɹ ɬɪɚɟɤɬɨɪɢɢ ɞɜɢɠɟɧɢɹ ɪɭɤɨɹɬɢ ɢ ɤɨɜɲɚ; 
ɩɨɡɢɰɢɨɧɢɪɨɜɚɧɢɹ ɪɚɛɨɱɟɝɨ ɨɛɨɪɭɞɨɜɚɧɢɹ; 
ɤɨɧɬɪɨɥɹ ɡɚ ɜɵɩɨɥɧɟɧɢɟɦ ɡɚɩɥɚɧɢɪɨɜɚɧɧɨɝɨ 
ɞɜɢɠɟɧɢɹ ɨɛɨɪɭɞɨɜɚɧɢɹ ɢ ɜɨɡɜɪɚɬɚ ɧɚ ɡɚɞɚɧ-
ɧɭɸ ɬɪɚɟɤɬɨɪɢɸ ɩɪɢ ɨɬɤɥɨɧɟɧɢɢ ɨɬ ɧɟɺ; 
ɨɛɟɫɩɟɱɟɧɢɹ ɬɪɟɛɭɟɦɨɣ ɬɨɱɧɨɫɬɢ ɢ ɩɪɨɢɡɜɨ-
ɞɢɬɟɥɶɧɨɫɬɢ ɩɪɨɰɟɫɫɚ ɤɨɩɚɧɢɹ; ɢɡɦɟɧɟɧɢɹ 
ɡɚɩɥɚɧɢɪɨɜɚɧɧɨɣ ɬɪɚɟɤɬɨɪɢɢ ɢɥɢ ɩɪɟɤɪɚɳɟ-
ɧɢɹ ɩɪɨɰɟɫɫɚ ɤɨɩɚɧɢɹ ɜ ɫɥɭɱɚɟ ɧɟɨɛɯɨɞɢɦɨ-
ɫɬɢ. ɉɪɢ ɷɬɨɦ ɜɵɩɨɥɧɟɧɢɟ ɪɚɛɨɱɟɝɨ ɰɢɤɥɚ 
ɞɨɥɠɧɨ ɨɫɭɳɟɫɬɜɥɹɬɶɫɹ ɡɚ ɦɢɧɢɦɚɥɶɧɨɟ 
ɜɪɟɦɹ, ɫ ɧɚɢɦɟɧɶɲɟɣ ɡɚɝɪɭɠɟɧɧɨɫɬɶɸ ɢ 
ɷɧɟɪɝɟɬɢɱɟɫɤɢɦɢ ɡɚɬɪɚɬɚɦɢ. 

 
ɉɪɹɦɚɹ ɡɚɞɚɱɚ ɤɢɧɟɦɚɬɢɤɢ ɦɚɧɢɩɭɥɹɬɨɪɚ 

ɷɤɫɤɚɜɚɬɨɪɚ 
 
ɉɨɥɭɱɢɦ ɦɚɬɟɦɚɬɢɱɟɫɤɭɸ ɦɨɞɟɥɶ ɷɤɫɤɚɜɚɬɨ-
ɪɚ, ɪɚɫɫɦɚɬɪɢɜɚɹ ɫɬɪɟɥɭ, ɪɭɤɨɹɬɶ ɢ ɤɨɜɲ ɤɚɤ 

ɷɥɟɦɟɧɬɵ ɦɚɧɢɩɭɥɹɬɨɪɚ ɪɨɛɨɬɚ. Ɋɚɫɫɦɨɬɪɢɦ 
ɫɧɚɱɚɥɚ ɤɢɧɟɦɚɬɢɤɭ ɷɤɫɤɚɜɚɬɨɪɚ ɞɥɹ ɚɧɚɥɢ-
ɬɢɱɟɫɤɨɝɨ ɨɩɢɫɚɧɢɹ ɢɡɦɟɧɟɧɢɹ ɫ ɬɟɱɟɧɢɟɦ 
ɜɪɟɦɟɧɢ ɩɪɨɫɬɪɚɧɫɬɜɟɧɧɨɝɨ ɩɨɥɨɠɟɧɢɹ ɷɥɟ-
ɦɟɧɬɨɜ ɟɝɨ ɦɚɧɢɩɭɥɹɬɨɪɚ. Ⱦɥɹ ɷɬɨɝɨ ɜɨɫ-
ɩɨɥɶɡɭɟɦɫɹ ɜɟɤɬɨɪɧɨ-ɦɚɬɪɢɱɧɵɦ ɦɟɬɨɞɨɦ 
ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ ɤɨɨɪɞɢɧɚɬ ɦɚɧɢɩɭɥɹɬɨɪɚ, 
ɩɪɟɞɥɨɠɟɧɧɵɦ ɀ. Ⱦɟɧɚɜɢɬɨɦ ɢ Ɋ.ɋ. ɏɚɪɬɟɧ-
ɛɟɪɝɨɦ [22]. ɗɬɨɬ ɦɟɬɨɞ ɩɨɡɜɨɥɹɟɬ ɩɨɫɥɟɞɨ-
ɜɚɬɟɥɶɧɨ ɩɪɟɨɛɪɚɡɨɜɚɬɶ ɤɨɨɪɞɢɧɚɬɵ ɤɨɜɲɚ 
ɢɡ ɫɜɹɡɚɧɧɨɣ ɫ ɧɢɦ ɫɢɫɬɟɦɵ ɤɨɨɪɞɢɧɚɬ ɜ ɛɚ-
ɡɨɜɭɸ ɫɢɫɬɟɦɭ ɤɨɨɪɞɢɧɚɬ. 
 
ɋɜɹɠɟɦ ɫ ɛɚɡɨɜɨɣ ɱɚɫɬɶɸ ɷɤɫɤɚɜɚɬɨɪɚ ɛɚɡɨ-
ɜɭɸ ɫɢɫɬɟɦɭ ɞɟɤɚɪɬɨɜɵɯ ɤɨɨɪɞɢɧɚɬ 
(x0, y0, z0), ɧɚɩɪɚɜɢɜ ɨɫɶ z0 ɜɞɨɥɶ ɨɫɢ ɩɨɜɨɪɨɬɚ 
ɛɚɡɨɜɨɣ ɱɚɫɬɢ ɷɤɫɤɚɜɚɬɨɪɚ (ɪɢɫ. 1). Ʉɚɠɞɭɸ 
ɩɨɫɥɟɞɭɸɳɭɸ i-ɸ ɫɢɫɬɟɦɭ ɤɨɨɪɞɢɧɚɬ 4,1i  
ɞɥɹ ɫɬɪɟɥɵ, ɪɭɤɨɹɬɢ, ɤɨɜɲɚ ɢ ɟɝɨ ɡɭɛɶɟɜ ɫɨ-
ɨɬɜɟɬɫɬɜɟɧɧɨ ɫɮɨɪɦɢɪɭɟɦ ɧɚ ɨɫɧɨɜɟ ɫɥɟɞɭ-
ɸɳɢɯ ɬɪɟɯ ɩɪɚɜɢɥ [22]: 
1) ɨɫɶ zi-1 ɧɚɩɪɚɜɥɟɧɚ ɜɞɨɥɶ ɨɫɢ i-ɝɨ ɫɨɱɥɟɧɟ-
ɧɢɹ; 
2) ɨɫɶ xi ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɚ ɨɫɢ zi-1 ɢ ɧɚɩɪɚɜ-
ɥɟɧɚ ɨɬ ɧɟɺ; 
3) ɨɫɶ yi ɞɨɩɨɥɧɹɟɬ ɨɫɢ xi ɢ zi ɞɨ ɩɪɚɜɨɣ ɞɟ-
ɤɚɪɬɨɜɨɣ ɫɢɫɬɟɦɵ ɤɨɨɪɞɢɧɚɬ. 

 
Ɉɞɧɨɪɨɞɧɚɹ ɦɚɬɪɢɰɚ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ (i-1)-ɣ 
ɜ i-ɸ ɫɢɫɬɟɦɭ ɤɨɨɪɞɢɧɚɬ ɢɦɟɟɬ ɜɢɞ 
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ɝɞɟ c = cos, s = sin, i – ɬɚɤɨɣ ɭɝɨɥ ɩɨɜɨɪɨɬɚ 
ɜɨɤɪɭɝ ɨɫɢ zi-1, ɱɬɨɛɵ ɨɫɶ xi-1 ɫɬɚɥɚ ɫɨɧɚɩɪɚɜ-
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Ɋɢɫ. 1. Ɂɜɟɧɶɹ ɦɚɧɢɩɭɥɹɬɨɪɚ ɷɤɫɤɚɜɚɬɨɪɚ ɢ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɟ ɫɢɫɬɟɦɵ ɤɨɨɪɞɢɧɚɬ 
 



ǰȓȟȠțȖȘ ȃǻǮǲȁ, Ȑȩȝ. 55, 2011 
 

82 

ɥɟɧɧɨɣ ɫ ɨɫɶɸ xi; di – ɜɟɥɢɱɢɧɚ ɫɞɜɢɝɚ ɜɞɨɥɶ 
ɨɫɢ xi ɞɨ ɫɨɜɦɟɳɟɧɢɹ ɨɫɟɣ xi-1 ɢ xi; ai – ɪɚɫ-
ɫɬɨɹɧɢɟ ɦɟɠɞɭ ɫɨɫɟɞɧɢɦɢ ɧɚɱɚɥɚɦɢ ɤɨɨɪɞɢ-
ɧɚɬ; i – ɬɚɤɨɣ ɭɝɨɥ ɩɨɜɨɪɨɬɚ ɜɨɤɪɭɝ ɨɫɢ xi, ɜ 
ɪɟɡɭɥɶɬɚɬɟ ɤɨɬɨɪɨɝɨ ɞɨɫɬɢɝɚɟɬɫɹ ɫɨɜɩɚɞɟɧɢɟ 
ɫɢɫɬɟɦ ɤɨɨɪɞɢɧɚɬ.  
 
Ɂɧɚɱɟɧɢɹ ɩɚɪɚɦɟɬɪɨɜ ɫɢɫɬɟɦ ɤɨɨɪɞɢɧɚɬ ɡɜɟ-
ɧɶɟɜ ɦɚɧɢɩɭɥɹɬɨɪɚ ɩɪɢɜɟɞɟɧɵ ɜ ɬɚɛɥ. 1. 
 
Ɍɚɛɥɢɰɚ 1 ɉɚɪɚɦɟɬɪɵ ɫɢɫɬɟɦ ɤɨɨɪɞɢɧɚɬ ɡɜɟɧɶɟɜ 

ɷɤɫɤɚɜɚɬɨɪɚ 
 

Ɂɜɟɧɨ i i i ai di 
1 (ɛɚɡɚ) 1 -/2 l1 0 
2 (ɫɬɪɟɥɚ) 2 0 l2 0 
3 (ɪɭɤɨɹɬɶ) 3 0 l3 0 
4 (ɤɨɜɲ) 4 0 l4 0 

 
ɋɥɟɞɭɟɬ ɨɬɦɟɬɢɬɶ, ɱɬɨ ɜ ɩɪɨɰɟɫɫɟ ɤɨɩɚɧɢɹ 
ɭɝɨɥ ɩɨɜɨɪɨɬɚ 1 ɛɚɡɨɜɨɣ ɱɚɫɬɢ ɷɤɫɤɚɜɚɬɨɪɚ 
ɨɬɧɨɫɢɬɟɥɶɧɨ ɜɟɪɬɢɤɚɥɶɧɨɣ ɨɫɢ z0, ɤɚɤ ɩɪɚ-
ɜɢɥɨ, ɨɫɬɚɺɬɫɹ ɩɨɫɬɨɹɧɧɵɦ, ɜ ɬɨ ɜɪɟɦɹ ɤɚɤ 
ɭɝɥɵ 2, 3 ɢ 4 ɢɡɦɟɧɹɸɬɫɹ. 
 
ɉɪɢ ɩɨɦɨɳɢ ɦɚɬɪɢɰɵ 1i

iA  ɦɨɠɧɨ ɫɜɹɡɚɬɶ 
ɨɞɧɨɪɨɞɧɵɟ ɤɨɨɪɞɢɧɚɬɵ ɩɪɨɢɡɜɨɥɶɧɨɣ ɬɨɱɤɢ 
Pi ɫ ɨɞɧɨɪɨɞɧɵɦɢ ɤɨɨɪɞɢɧɚɬɚɦɢ ɷɬɨɣ ɬɨɱɤɢ 
ɨɬɧɨɫɢɬɟɥɶɧɨ (i - 1)-ɣ ɫɢɫɬɟɦɵ ɨɬɫɱɟɬɚ, ɫɜɹ-
ɡɚɧɧɨɣ ɫ (i - 1)-ɦ ɡɜɟɧɨɦ ɦɚɧɢɩɭɥɹɬɨɪɚ ɷɤɫ-
ɤɚɜɚɬɨɪɚ 
 

i
i
ii PAP 1

1


  ,   (2) 
 
ɝɞɟ Pi-1 = (xi-1, yi-1, zi-1, 1)T ɢ Pi = (xi, yi, zi, 1)T, 
ɜɟɪɯɧɢɣ ɢɧɞɟɤɫ Ɍ – ɫɢɦɜɨɥ ɬɪɚɧɫɩɨɧɢɪɨɜɚ-
ɧɢɹ. 
 
ɇɚɩɪɢɦɟɪ, ɫɜɹɡɶ ɬɨɱɟɤ O4 ɢ O0, ɩɪɟɞɫɬɚɜɥɹ-
ɸɳɢɯ ɫɨɛɨɣ ɧɚɱɚɥɚ ɤɨɨɪɞɢɧɚɬ, ɫɜɹɡɚɧɧɵɯ ɫ 
ɡɭɛɶɹɦɢ ɤɨɜɲɚ ɢ ɛɚɡɨɜɨɣ ɱɚɫɬɶɸ ɷɤɫɤɚɜɚɬɨ-
ɪɚ, ɨɩɢɫɵɜɚɟɬɫɹ ɫɥɟɞɭɸɳɢɦ ɨɛɪɚɡɨɦ 
 

41
0
4 OO PAP  ,   (3) 

 
ɝɞɟ 3
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2

0
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0
4 AAAAA  , ɚ T

OP ]1000[
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 . 

 
Ɋɚɫɫɦɨɬɪɟɧɧɵɣ ɜɵɲɟ ɩɨɞɯɨɞ ɩɪɢɦɟɧɢɬɟɥɶɧɨ 
ɤ ɷɤɫɤɚɜɚɬɨɪɭ ɛɵɥ ɢɫɩɨɥɶɡɨɜɚɧ ɜ [23]. 
 
ɉɨɥɭɱɢɦ ɤɨɨɪɞɢɧɚɬɵ 4,1, iP

iO  ɜ ɹɜɧɨɦ ɜɢ-

ɞɟ. Ⱦɥɹ ɧɚɲɟɝɨ ɫɥɭɱɚɹ ɦɚɬɪɢɰɚ 0
1A  ɪɚɜɧɚ 
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ɚ ɨɞɧɨɪɨɞɧɵɟ ɦɚɬɪɢɰɵ 1i

iA   ɩɪɢ , 2,4
iOP i   

ɦɨɠɧɨ ɩɨɥɭɱɢɬɶ ɫɥɟɞɭɸɳɢɦ ɨɛɪɚɡɨɦ 
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     (9) 

 
ɝɞɟ 23 2 3     , ɚ 234 2 3 4       . 
 

Ɉɛɪɚɬɧɚɹ ɡɚɞɚɱɚ ɤɢɧɟɦɚɬɢɤɢ 
 
ɉɨɥɭɱɟɧɧɚɹ ɦɨɞɟɥɶ (9) ɷɤɫɤɚɜɚɬɨɪɚ ɹɜɥɹɟɬɫɹ 
ɪɟɲɟɧɢɟɦ ɬɚɤ ɧɚɡɵɜɚɟɦɨɣ ɩɪɹɦɨɣ ɡɚɞɚɱɢ 
ɤɢɧɟɦɚɬɢɤɢ ɦɚɧɢɩɭɥɹɬɨɪɚ. ɉɪɢ ɭɩɪɚɜɥɟɧɢɢ 
ɩɪɨɰɟɫɫɨɦ ɤɨɩɚɧɢɹ ɧɟɨɛɯɨɞɢɦɨ ɬɚɤɠɟ ɭɦɟɬɶ 
ɪɟɲɚɬɶ ɢ ɨɛɪɚɬɧɭɸ ɡɚɞɚɱɭ ɤɢɧɟɦɚɬɢɤɢ, ɤɨɬɨ-
ɪɚɹ ɡɚɤɥɸɱɚɟɬɫɹ ɜ ɨɛɟɫɩɟɱɟɧɢɢ ɡɚɞɚɧɧɨɝɨ 
ɩɨɥɨɠɟɧɢɹ ɤɨɜɲɚ ɷɤɫɤɚɜɚɬɨɪɚ ɨɬɧɨɫɢɬɟɥɶɧɨ 
ɛɚɡɨɜɨɣ ɫɢɫɬɟɦɵ ɤɨɨɪɞɢɧɚɬ ɧɚ ɨɫɧɨɜɟ ɢɧ-
ɮɨɪɦɚɰɢɢ ɨ ɝɟɨɦɟɬɪɢɱɟɫɤɢɯ ɩɚɪɚɦɟɬɪɚɯ ɡɜɟ-
ɧɶɟɜ ɦɚɧɢɩɭɥɹɬɨɪɚ. ɂɧɵɦɢ ɫɥɨɜɚɦɢ, ɡɚɞɚɱɚ 
ɡɚɤɥɸɱɚɟɬɫɹ ɜ ɨɩɪɟɞɟɥɟɧɢɢ ɬɚɤɢɯ ɭɝɥɨɜ 

T][ 4321 Ĭ , ɤɨɬɨɪɵɟ ɛɵ ɨɛɟɫɩɟɱɢɥɢ 
ɡɚɞɚɧɧɭɸ ɨɪɢɟɧɬɚɰɢɸ ɤɨɜɲɚ.  
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ɂɡɜɟɫɬɧɵ ɪɚɡɥɢɱɧɵɟ ɦɟɬɨɞɵ ɪɟɲɟɧɢɹ ɨɛɪɚɬ-
ɧɨɣ ɡɚɞɚɱɢ ɤɢɧɟɦɚɬɢɤɢ [22]. ȼ [24] ɞɚɧɨ  
ɪɟɲɟɧɢɟ ɨɛɪɚɬɧɨɣ ɡɚɞɚɱɢ ɤɢɧɟɦɚɬɢɤɢ ɦɚɧɢ-
ɩɭɥɹɬɨɪɚ ɷɤɫɤɚɜɚɬɨɪɚ ɧɚ ɨɫɧɨɜɟ ɝɟɨɦɟɬɪɢɱɟ-
ɫɤɨɝɨ ɩɨɞɯɨɞɚ. Ⱦɥɹ ɷɬɨɝɨ ɪɚɫɫɦɚɬɪɢɜɚɟɬɫɹ 
ɩɪɨɟɤɰɢɹ ɡɜɟɧɶɟɜ ɦɚɧɢɩɭɥɹɬɨɪɚ ɷɤɫɤɚɜɚɬɨɪɚ 
ɧɚ ɜɟɪɬɢɤɚɥɶɧɭɸ ɩɥɨɫɤɨɫɬɶ (ɪɢɫ. 2). ȼɵɩɨɥ-
ɧɹɹ ɧɟɫɥɨɠɧɵɟ ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɢɟ ɩɪɟɨɛ-
ɪɚɡɨɜɚɧɢɹ, ɢɦɟɟɦ 
 

2 2
1 1( )b bh r l z   ;  (10) 
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Ɋɢɫ. 2. Ʉɢɧɟɦɚɬɢɱɟɫɤɚɹ ɫɯɟɦɚ ɦɚɧɢɩɭɥɹɬɨɪɚ 
ɷɤɫɤɚɜɚɬɨɪɚ 

 
Ɍɟɩɟɪɶ ɧɚɣɞɟɦ ɭɝɥɵ  
 

b1 ,  (14) 
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4 23     ,  (17) 
 
ɝɞɟ ɢɧɞɟɤɫ b ɯɚɪɚɤɬɟɪɢɡɭɟɬ ɨɬɧɨɲɟɧɢɟ ɫɨɨɬ-
ɜɟɬɫɬɜɭɸɳɟɣ ɤɨɨɪɞɢɧɚɬɵ ɤ ɛɚɡɨɜɨɣ ɱɚɫɬɢ 
ɷɤɫɤɚɜɚɬɨɪɚ. 
 

ɉɨ ɢɡɜɟɫɬɧɵɦ ɭɝɥɚɦ T][ 4321 Ĭ  ɦɨɠ-
ɧɨ ɧɚɣɬɢ ɞɥɢɧɵ Li ɜɵɞɜɢɠɟɧɢɹ ɫɨɨɬɜɟɬɫɬɜɭ-
ɸɳɢɯ ɢɫɩɨɥɧɢɬɟɥɶɧɵɯ ɝɢɞɪɨɰɢɥɢɧɞɪɨɜ. 
ȼɵɪɚɠɟɧɢɹ, ɫɜɹɡɵɜɚɸɳɢɟ ɭɝɥɵ ɩɨɜɨɪɨɬɨɜ 
ɡɜɟɧɶɟɜ ɦɚɧɢɩɭɥɹɬɨɪɚ ɫ ɜɟɥɢɱɢɧɚɦɢ Li ɞɥɹ 
ɷɤɫɤɚɜɚɬɨɪɚ ɫ ɤɢɧɟɦɚɬɢɱɟɫɤɨɣ ɫɯɟɦɨɣ, ɢɡɨɛ-
ɪɚɠɟɧɧɨɣ ɧɚ ɪɢɫ. 1, ɩɨɥɭɱɟɧɵ ɜ [20]. 
 

ɍɪɚɜɧɟɧɢɹ ɞɢɧɚɦɢɤɢ ɦɚɧɢɩɭɥɹɬɨɪɚ 
 

Ⱦɥɹ ɫɢɧɬɟɡɚ ɫɢɫɬɟɦɵ ɭɩɪɚɜɥɟɧɢɹ ɩɪɨɰɟɫɫɨɦ 
ɤɨɩɚɧɢɹ ɧɟɨɛɯɨɞɢɦɨ ɬɚɤɠɟ ɢɦɟɬɶ ɭɪɚɜɧɟɧɢɹ 
ɞɢɧɚɦɢɤɢ ɦɚɧɢɩɭɥɹɬɨɪɚ ɷɤɫɤɚɜɚɬɨɪɚ. Ⱦɢɧɚ-
ɦɢɱɟɫɤɚɹ ɦɨɞɟɥɶ ɦɚɧɢɩɭɥɹɬɨɪɚ ɦɨɠɟɬ ɛɵɬɶ 
ɩɨɫɬɪɨɟɧɚ ɩɪɢ ɩɨɦɨɳɢ ɬɪɚɞɢɰɢɨɧɧɵɯ ɦɟɬɨ-
ɞɨɜ Ʌɚɝɪɚɧɠɚ–ɗɣɥɟɪɚ ɢɥɢ ɇɶɸɬɨɧɚ–ɗɣɥɟɪɚ. 
Ɇɟɬɨɞ Ʌɚɝɪɚɧɠɚ–ɗɣɥɟɪɚ ɩɨɡɜɨɥɹɟɬ ɩɨɥɭɱɢɬɶ 
ɭɪɚɜɧɟɧɢɹ ɜ ɭɞɨɛɧɨɣ ɞɥɹ ɚɧɚɥɢɡɚ ɮɨɪɦɟ. Ɉɞ-
ɧɚɤɨ ɪɟɲɟɧɢɟ ɜ ɪɟɚɥɶɧɨɦ ɜɪɟɦɟɧɢ ɩɨɥɭɱɟɧ-
ɧɵɯ ɭɪɚɜɧɟɧɢɣ ɦɨɠɟɬ ɛɵɬɶ ɡɚɬɪɭɞɧɢɬɟɥɶɧɨ ɫ 
ɜɵɱɢɫɥɢɬɟɥɶɧɨɣ ɬɨɱɤɢ ɡɪɟɧɢɹ. ɉɨɷɬɨɦɭ 
ɩɪɟɞɩɨɱɬɢɬɟɥɶɧɟɟ ɢɫɩɨɥɶɡɨɜɚɬɶ ɩɨɞɯɨɞɵ, 
ɨɫɧɨɜɚɧɧɵɟ ɧɚ ɩɪɢɦɟɧɟɧɢɢ ɦɟɬɨɞɚ ɇɶɸɬɨɧɚ–
ɗɣɥɟɪɚ. ȼ ɪɚɛɨɬɚɯ [7, 25, 26] ɩɨɥɭɱɟɧɵ ɩɪɹ-
ɦɵɟ ɢ ɨɛɪɚɬɧɵɟ ɭɪɚɜɧɟɧɢɹ, ɨɩɢɫɵɜɚɸɳɢɟ 
ɞɢɧɚɦɢɤɭ ɦɚɧɢɩɭɥɹɬɨɪɚ ɷɤɫɤɚɜɚɬɨɪɚ ɧɚ ɨɫ-
ɧɨɜɟ ɪɚɡɥɢɱɧɵɯ ɩɨɞɯɨɞɨɜ ɤ ɪɟɚɥɢɡɚɰɢɢ ɦɟ-
ɬɨɞɚ ɇɶɸɬɨɧɚ–ɗɣɥɟɪɚ. ɇɟɞɨɫɬɚɬɨɤ ɭɤɚɡɚɧ-
ɧɵɯ ɭɪɚɜɧɟɧɢɣ ɞɜɢɠɟɧɢɹ ɫɨɫɬɨɢɬ ɜ ɬɨɦ, ɱɬɨ 
ɦɚɬɪɢɰɵ ɢɧɟɪɰɢɢ ɡɜɟɧɶɟɜ, ɚ ɬɚɤɠɟ ɧɟɤɨɬɨɪɵɟ 
ɢɯ ɝɟɨɦɟɬɪɢɱɟɫɤɢɟ ɩɚɪɚɦɟɬɪɵ ɜɵɪɚɠɟɧɵ  
ɨɬɧɨɫɢɬɟɥɶɧɨ ɛɚɡɨɜɨɣ ɫɢɫɬɟɦɵ ɤɨɨɪɞɢɧɚɬ, 
ɩɨɷɬɨɦɭ ɦɟɧɹɸɬɫɹ ɜ ɩɪɨɰɟɫɫɟ ɞɜɢɠɟɧɢɹ ɦɚ-
ɧɢɩɭɥɹɬɨɪɚ. ɉɨɷɬɨɦɭ ɩɪɢ ɫɨɫɬɚɜɥɟɧɢɢ ɭɪɚɜ-
ɧɟɧɢɣ ɞɢɧɚɦɢɤɢ ɦɚɧɢɩɭɥɹɬɨɪɚ ɷɤɫɤɚɜɚɬɨɪɚ 
ɛɭɞɟɦ ɢɫɩɨɥɶɡɨɜɚɬɶ ɩɨɞɯɨɞ, ɨɩɢɫɚɧɧɵɣ ɜ 
[27] ɢ ɹɜɥɹɸɳɢɣɫɹ ɭɫɨɜɟɪɲɟɧɫɬɜɨɜɚɧɢɟɦ 
ɦɟɬɨɞɚ ɇɶɸɬɨɧɚ–ɗɣɥɟɪɚ. ɉɪɟɞɥɨɠɟɧɧɵɣ ɜ 
[27] ɩɟɪɟɯɨɞ ɜ ɭɪɚɜɧɟɧɢɹɯ ɞɜɢɠɟɧɢɹ ɤ ɩɚɪɚ-
ɦɟɬɪɚɦ, ɜɵɪɚɠɟɧɧɵɦ ɨɬɧɨɫɢɬɟɥɶɧɨ ɫɢɫɬɟɦ 
ɤɨɨɪɞɢɧɚɬ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɯ ɡɜɟɧɶɟɜ, ɩɨɡɜɨ-
ɥɹɟɬ ɫɭɳɟɫɬɜɟɧɧɨ ɭɩɪɨɫɬɢɬɶ ɜɵɱɢɫɥɟɧɢɹ.  
 
Ⱦɥɹ ɭɞɨɛɫɬɜɚ ɛɭɞɟɦ ɪɚɫɫɦɚɬɪɢɜɚɬɶ ɪɟɠɢɦ 
ɤɨɩɚɧɢɹ, ɤɨɝɞɚ ɭɝɨɥ ɩɨɜɨɪɨɬɚ ɩɟɪɜɨɝɨ ɡɜɟɧɚ 

1 const   ɢ 1 1 0     , ɬ.ɟ. ɞɜɢɠɟɧɢɟ ɦɟɯɚ-
ɧɢɡɦɨɜ ɷɤɫɤɚɜɚɬɨɪɚ ɨɫɭɳɟɫɬɜɥɹɟɬɫɹ ɜ ɜɟɪɬɢ-
ɤɚɥɶɧɨɣ ɩɥɨɫɤɨɫɬɢ. Ȼɭɞɟɦ ɬɚɤɠɟ ɫɱɢɬɚɬɶ, ɱɬɨ 
ɡɜɟɧɶɹ ɦɚɧɢɩɭɥɹɬɨɪɚ ɷɤɫɤɚɜɚɬɨɪɚ ɹɜɥɹɸɬɫɹ 
ɠɟɫɬɤɢɦɢ ɫɜɨɛɨɞɧɵɦɢ ɬɟɥɚɦɢ.  
 
Ɋɚɫɫɦɨɬɪɢɦ ɟɳɟ ɪɚɡ ɦɚɬɪɢɰɭ 1i

iA  (1). ȼɵɞɟ-
ɥɢɦ ɜ ɧɟɣ ɩɨɞɦɚɬɪɢɰɭ 1i

iR  ɩɨɜɨɪɨɬɚ ɪɚɡɦɟɪ-
ɧɨɫɬɢ 33, ɩɪɟɨɛɪɚɡɭɸɳɭɸ ɩɪɨɢɡɜɨɥɶɧɵɣ 
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ɬɪɟɯɦɟɪɧɵɣ ɜɟɤɬɨɪ ɢɡ ɫɢɫɬɟɦɵ ɤɨɨɪɞɢɧɚɬ  
(xi, yi, zi) ɜ ɫɢɫɬɟɦɭ  ɤɨɨɪɞɢɧɚɬ (xi-1, yi-1, zi-1) 
 

1

c c s s s
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0 s c

i i i i i
i
i i i i i i

i i

R
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   
  

.        (18) 

 
Ɋɚɫɫɦɨɬɪɢɦ ɬɚɤɠɟ ɨɛɪɚɬɧɭɸ ɦɚɬɪɢɰɭ, ɬɚɤɭɸ 
ɱɬɨ 
 

Ti
i

i
i

i
i RRR )()( 111

1


  ,  (19) 
 

1

c s 0
c s c c s

s s s c c

i i
i
i i i i i i

i i i i i

R
 

     

    

 
   
  

.        (20) 

 
Ɋɚɫɫɦɨɬɪɢɦ i-ɟ ɡɜɟɧɨ. ɉɪɟɧɟɛɪɟɝɚɹ ɫɢɥɚɦɢ 
ɬɪɟɧɢɹ ɜ ɫɨɱɥɟɧɟɧɢɹɯ, ɩɪɢɦɟɧɢɜ ɩɪɢɧɰɢɩ 
ɞ’Ⱥɞɚɦɛɟɪɚ, ɩɨɥɭɱɢɦ 
 

ii
ii

i am
dt

vmdF 
)( ,           (21) 

 

)()(
iiiii

ii
i II

dt
IdN 


  ,     (22) 

 
ɝɞɟ Fi – ɫɭɦɦɚɪɧɚɹ ɜɧɟɲɧɹɹ ɫɢɥɚ, ɩɪɢɥɨɠɟɧ-
ɧɚɹ ɤ ɰɟɧɬɪɭ ɦɚɫɫ i-ɝɨ ɡɜɟɧɚ; Ni – ɫɭɦɦɚɪɧɵɣ 
ɦɨɦɟɧɬ ɜɧɟɲɧɢɯ ɫɢɥ, ɩɪɢɥɨɠɟɧɧɵɯ ɤ i-ɦɭ 
ɡɜɟɧɭ; mi – ɦɚɫɫɚ i-ɝɨ ɡɜɟɧɚ; vi – ɥɢɧɟɣɧɚɹ 
ɫɤɨɪɨɫɬɶ ɰɟɧɬɪɚ ɦɚɫɫ i-ɝɨ ɡɜɟɧɚ; ai – ɥɢɧɟɣ-
ɧɨɟ ɭɫɤɨɪɟɧɢɟ ɰɟɧɬɪɚ ɦɚɫɫ i-ɝɨ ɡɜɟɧɚ; Ii – 
ɦɚɬɪɢɰɚ ɢɧɟɪɰɢɢ i-ɝɨ ɡɜɟɧɚ ɨɬɧɨɫɢɬɟɥɶɧɨ ɟɝɨ 
ɰɟɧɬɪɚ ɦɚɫɫ ɜ ɫɢɫɬɟɦɟ ɤɨɨɪɞɢɧɚɬ (xi, yi, zi); 
i – ɭɝɥɨɜɚɹ ɫɤɨɪɨɫɬɶ ɜɪɚɳɟɧɢɹ i-ɣ ɫɢɫɬɟɦɵ 
ɤɨɨɪɞɢɧɚɬ; i  – ɭɝɥɨɜɨɟ ɭɫɤɨɪɟɧɢɟ i-ɣ ɫɢ-
ɫɬɟɦɵ ɤɨɨɪɞɢɧɚɬ. 
 
Ȼɭɞɟɦ ɜɵɱɢɫɥɹɬɶ i

iR 0 , i
iR 0 , i

i vR 0 , i
i aR0 , 

i
i FR0 , i

i NR0 , i
i fR0 , i

i nR0  ɢ i
iR 0 , ɡɚɞɚɧɧɵɟ ɜ 

ɫɢɫɬɟɦɟ ɤɨɨɪɞɢɧɚɬ i-ɝɨ ɡɜɟɧɚ (xi, yi, zi). Ɂɞɟɫɶ 
fi – ɫɢɥɚ, ɫ ɤɨɬɨɪɨɣ (i – 1)-ɟ ɡɜɟɧɨ ɞɟɣɫɬɜɭɟɬ 
ɧɚ i-ɟ ɡɜɟɧɨ ɜ ɫɢɫɬɟɦɟ ɤɨɨɪɞɢɧɚɬ (xi-1, yi-1, zi-1); 
ni – ɦɨɦɟɧɬ, ɜɵɡɜɚɧɧɵɣ ɞɟɣɫɬɜɢɟɦ (i – 1)-ɝɨ 
ɡɜɟɧɚ ɧɚ i-ɟ  ɡɜɟɧɨ ɜ ɫɢɫɬɟɦɟ ɤɨɨɪɞɢɧɚɬ (xi-1, 
yi-1, zi-1); i – ɦɨɦɟɧɬ, ɫɨɡɞɚɜɚɟɦɵɣ ɝɢɞɪɨɰɢ-
ɥɢɧɞɪɚɦɢ i-ɝɨ ɡɜɟɧɚ. ɉɨɫɤɨɥɶɤɭ ɜ ɩɪɨɰɟɫɫɟ 
ɤɨɩɚɧɢɹ ɭɝɨɥ ɩɨɜɨɪɨɬɚ 1 ɛɚɡɨɜɨɣ ɱɚɫɬɢ ɷɤɫ-
ɤɚɜɚɬɨɪɚ ɩɨɫɬɨɹɧɧɵɣ, ɬɨ ɞɥɹ ɩɟɪɜɨɝɨ ɡɜɟɧɚ 
 

01  , 01  ,  (23) 
 

01 v ,  Tgv 001  , (24) 
 

ɝɞɟ g = 9,81 ɦ/ɫ2. 
 
Ɂɚɩɢɲɟɦ ɩɪɹɦɵɟ ɭɪɚɜɧɟɧɢɹ ɞɢɧɚɦɢɤɢ ɞɥɹ 
ɨɫɬɚɥɶɧɵɯ ɡɜɟɧɶɟɜ ɦɚɧɢɩɭɥɹɬɨɪɚ (ɪɢɫ. 3). 
ɍɪɚɜɧɟɧɢɹ ɞɢɧɚɦɢɤɢ ɫɬɪɟɥɵ ɨɩɢɫɵɜɚɸɬɫɹ 
ɜɵɪɚɠɟɧɢɹɦɢ (25) – (28).  
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 

  , (28) 

 
ɝɞɟ 2 2 2 2cos , sin ,c s     2 1 2 2       . 
 

r 2

 
 
Ɋɢɫ. 3. Ʉ ɨɩɪɟɞɟɥɟɧɢɸ ɭɪɚɜɧɟɧɢɣ ɞɢɧɚɦɢɤɢ 

ɦɚɧɢɩɭɥɹɬɨɪɚ ɷɤɫɤɚɜɚɬɨɪɚ 
 
Ⱦɥɹ ɪɭɤɢ ɷɤɫɤɚɜɚɬɨɪɚ 
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ɝɞɟ 3 1 2 3       , 123 1 2 3       . 
 
Ⱦɥɹ ɤɨɜɲɚ 
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ɝɞɟ 4 1 2 3 4 4          . 
 
ɉɪɢ ɩɨɦɨɳɢ ɩɨɥɭɱɟɧɧɵɯ ɫɨɨɬɧɨɲɟɧɢɣ  
(25)–(36) ɩɨɥɭɱɢɦ ɨɛɪɚɬɧɵɟ ɭɪɚɜɧɟɧɢɹ  
ɞɢɧɚɦɢɤɢ, ɩɨɡɜɨɥɹɸɳɢɟ ɩɨ ɢɡɜɟɫɬɧɵɦ 
ɨɛɨɛɳɟɧɧɵɦ ɤɨɨɪɞɢɧɚɬɚɦ, ɫɤɨɪɨɫɬɹɦ ɢ 
ɭɫɤɨɪɟɧɢɹɦ ɨɩɪɟɞɟɥɢɬɶ ɫɢɥɵ ɢ ɦɨɦɟɧɬɵ, 
ɞɟɣɫɬɜɭɸɳɢɟ ɜ ɫɨɱɥɟɧɟɧɢɹɯ ɦɚɧɢɩɭɥɹɬɨɪɚ 
ɷɤɫɤɚɜɚɬɨɪɚ. ɉɪɢ ɷɬɨɦ ɞɥɹ ɩɪɨɫɬɨɬɵ ɛɭɞɟɦ 
ɫɱɢɬɚɬɶ, ɱɬɨ ɤɨɜɲ ɷɤɫɤɚɜɚɬɨɪɚ ɧɟ ɧɚɝɪɭɠɟɧ, 
ɬ.ɟ. ɪɟɲɚɟɬɫɹ ɡɚɞɚɱɚ ɩɟɪɟɦɟɳɟɧɢɹ ɩɨɪɨɠɧɟɝɨ 

ɤɨɜɲɚ ɤ ɡɚɛɨɸ. ȼ ɷɬɨɦ ɫɥɭɱɚɟ f5 = 
= n5 = [0 0 0]T. Ⱦɥɹ ɪɚɫɱɟɬɚ ɫɢɥ, ɞɟɣɫɬɜɭɸɳɢɯ 
ɧɚ i-ɟ ɡɜɟɧɨ, ɜɨɫɩɨɥɶɡɭɟɦɫɹ ɫɥɟɞɭɸɳɢɦ ɪɚ-
ɜɟɧɫɬɜɨɦ 
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2
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2
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2
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2
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0
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


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    
 
      
 
 
 

    
 
      
 
 
  





 

 

 

 
 
 

2
2 2 2 2 2 2

2
2 2 2 2 2 2

0

m r s c

m r c s

 
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 
 

 
 

 
 

2
3 3 3 23 3 23

2
3 3 3 23 3 23

2
4 4 34 234 34 234

2
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2
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2
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0

0
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m r c s

 

 

 

 

 

 

   
 
     
 
 
  
   
 
     
 
 
  
   
 
    
 
 
  

 

 

 

 

 

 

     (41) 

 
1 1 2 3 4

1
0 1 1 1 2 3 4
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0

gs m m m m
R f gc m m m m





   
      
  

 

 
 
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 

 
 
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2
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0

0
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 
 
  
    
 
      
 
 
  
   
 
     
 
 
  

 

 

 

 

 

 

 

 

 
 

2
3 3 5 23 5 23

2
3 3 5 23 5 23

0

m r s c

m r s c

 

 

   
 
     
 
 
  

 

   

                

 
 

2
4 4 234 234 234 234

2
4 4 234 234 234 234

0

m l s c

m l s c

 

 

   
 
     
 
 
  

 

   

 
 

2
4 4 1 234 1 234

2
4 4 1 234 1 234 .

0

m r s c

m r c s

 

 

   
 
    
 
 
  

 

            (42) 

 

ȼ ɭɪɚɜɧɟɧɢɹɯ (40)–(42): 1 = 1 - 4, 2 = 1 + 
+2 - 4, 3 = 1 +2 + 3 + 3, 4 = 1 +2 + 3 - 
- 4, 1 = 1 - 2, 5 1 2 3 32         . 
 
Ɍɟɩɟɪɶ ɫ ɩɨɦɨɳɶɸ ɪɚɜɟɧɫɬɜ (43) ɢ (44)  
ɜɵɱɢɫɥɢɦ ɦɨɦɟɧɬɵ 0

i
iR n , ɞɟɣɫɬɜɭɸɳɢɟ ɧɚ 

ɡɜɟɧɶɹ. 
 

1 1 1
0 1 0 1 0 0 1( ) ( )i i i i i

i i i i iR n R R n R p R f  
         

0 0 0 0( ) ( )i i i i
i i i iR p R s R F R N    ,  (43) 

 
ɝɞɟ 
 

0
0 0 0( )( )i i i

i i i iR N R I R R    
0

0 0 0( ) ( )( )i i i
i i i iR R I R R      ,     (44) 

 
1

0
i

iR p  – ɜɟɤɬɨɪ ɨɬɧɨɫɢɬɟɥɶɧɨɝɨ ɩɨɥɨɠɟɧɢɹ 
ɧɚɱɚɥ ɫɢɫɬɟɦ ɤɨɨɪɞɢɧɚɬ (xi,yi,zi) ɢ (xi-1,yi-1,zi-1), 
ɜɵɪɚɠɟɧɧɵɣ ɨɬɧɨɫɢɬɟɥɶɧɨ ɫɢɫɬɟɦɵ ɤɨɨɪɞɢ-
ɧɚɬ (xi, yi, zi), 1

0
i

iR s  – ɰɟɧɬɪ ɦɚɫɫ i-ɝɨ ɡɜɟɧɚ ɜ 

ɫɢɫɬɟɦɟ ɤɨɨɪɞɢɧɚɬ (xi, yi, zi), 0
0
i

i iR I R  – ɦɚɬɪɢ-
ɰɚ i-ɝɨ ɡɜɟɧɚ ɨɬɧɨɫɢɬɟɥɶɧɨ ɟɝɨ ɰɟɧɬɪɚ ɦɚɫɫ, 
ɜɵɪɚɠɟɧɧɚɹ ɜ ɫɢɫɬɟɦɟ ɤɨɨɪɞɢɧɚɬ (xi, yi, zi). 
 
ɋ ɭɱɟɬɨɦ ɬɨɝɨ, ɱɬɨ n5 = 0, ɢɦɟɟɦ 
 

4
0 4 4[0 0 ]TR n D ,  (45) 

 
ɝɞɟ  
 

 
 

2 2
4 4 4 4 4 4 4 4

4 3 4 124 4 6 234

2
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2
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4 4 1234 4 4

( ( 2 )

( ))

( ) ( )

( ) ( )
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zD I m l l r c r

m l l c r c

m l l c r c l s r s

m l l c r c l s r s

gm l c r c



 

   

   

 

    

   

      

      

 



 

 

 

6 3 4    . 
 

3
0 3 3[0 0 ]TR n D ,  (46) 

 
ɝɞɟ  
 

2 2
3 4 4 4 4 4 4 4

4 3 4 124 4 6 234
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3 3 3 3 3 3 3
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( ))
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z

z
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m l l c r c
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

 



    

   
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  
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  
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  

 

  

 

  
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  
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
 

 

6 1 2 3 32 2        , 7 1 2 3       . 
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5 2 4    , 7 1 2 3 32         . 
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2
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
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r c m l c r c
m m m l m c l r g

  


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    

 

 
ɇɚɤɨɧɟɰ, ɜ ɫɨɨɬɜɟɬɫɬɜɢɢ ɫ ɜɵɪɚɠɟɧɢɟɦ (49) 
 

0 1 0( ) ( )i T i
i i i i iR n R z b q    ,  (49) 

 
ɝɞɟ bi – ɤɨɷɮɮɢɰɢɟɧɬ ɜɹɡɤɨɝɨ ɬɪɟɧɢɹ ɜ i-ɦ 
ɫɨɱɥɟɧɟɧɢɢ, ɨɩɪɟɞɟɥɢɦ ɦɨɦɟɧɬɵ, ɤɨɬɨɪɵɟ 
ɞɨɥɠɧɵ ɛɵɬɶ ɪɟɚɥɢɡɨɜɚɧɵ ɫɢɥɨɜɵɦɢ ɝɢɞɪɨ-
ɰɢɥɢɧɞɪɚɦɢ ɡɜɟɧɶɟɜ ɦɚɧɢɩɭɥɹɬɨɪɚ ɷɤɫɤɚɜɚ-
ɬɨɪɚ. 
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ɉɨɥɭɱɟɧɧɵɟ ɭɪɚɜɧɟɧɢɹ ɞɢɧɚɦɢɤɢ ɦɚɧɢɩɭɥɹ-
ɬɨɪɚ ɷɤɫɤɚɜɚɬɨɪɚ ɷɮɮɟɤɬɢɜɧɵ ɫ ɜɵɱɢɫɥɢ-
ɬɟɥɶɧɨɣ ɬɨɱɤɢ ɡɪɟɧɢɹ, ɬ.ɤ. ɩɨɡɜɨɥɹɸɬ ɜɵɱɢɫ-
ɥɢɬɶ ɩɚɪɚɦɟɬɪɵ ɞɜɢɠɟɧɢɹ ɤɚɠɞɨɝɨ ɡɜɟɧɚ ɜ 
ɫɢɫɬɟɦɟ ɤɨɨɪɞɢɧɚɬ, ɫɜɹɡɚɧɧɨɣ ɫ ɷɬɢɦ ɡɜɟɧɨɦ, 
ɢ ɩɨɷɬɨɦɭ ɧɟɢɡɦɟɧɧɵɟ ɩɪɢ ɞɜɢɠɟɧɢɢ ɦɚɧɢ-
ɩɭɥɹɬɨɪɚ. 
 

ȼɵɜɨɞɵ 
 
Ⱦɚɥɶɧɟɣɲɟɟ ɫɨɜɟɪɲɟɧɫɬɜɨɜɚɧɢɟ ɷɤɫɤɚɜɚɬɨ-
ɪɨɜ ɫɜɹɡɚɧɨ ɫ ɢɯ ɪɨɛɨɬɢɡɚɰɢɟɣ. ɉɪɟɞɫɬɚɜɥɟɧ-
ɧɵɟ ɭɪɚɜɧɟɧɢɹ ɤɢɧɟɦɚɬɢɤɢ, ɨɩɢɫɵɜɚɸɳɢɟ 
ɩɪɨɫɬɪɚɧɫɬɜɟɧɧɨɟ ɩɨɥɨɠɟɧɢɟ ɡɜɟɧɶɟɜ ɦɚɧɢ-
ɩɭɥɹɬɨɪɚ ɷɤɫɤɚɜɚɬɨɪɚ, ɧɟɨɛɯɨɞɢɦɵ ɤɚɤ ɞɥɹ 
ɢɫɫɥɟɞɨɜɚɧɢɹ ɩɨɜɟɞɟɧɢɹ ɦɚɧɢɩɭɥɹɬɨɪɚ, ɬɚɤ ɢ 
ɞɥɹ ɨɩɪɟɞɟɥɟɧɢɹ ɬɪɚɟɤɬɨɪɢɢ ɟɝɨ ɞɜɢɠɟɧɢɹ, 
ɨɛɟɫɩɟɱɢɜɚɸɳɟɣ ɬɪɟɛɭɟɦɨɟ ɩɨɡɢɰɢɨɧɢɪɨɜɚ-
ɧɢɟ ɤɨɜɲɚ. ɉɨɥɭɱɟɧɧɵɟ ɭɪɚɜɧɟɧɢɹ ɞɢɧɚɦɢɤɢ 
ɦɚɧɢɩɭɥɹɬɨɪɚ ɧɟɨɛɯɨɞɢɦɵ ɞɥɹ ɫɢɧɬɟɡɚ ɫɢ-
ɫɬɟɦɵ ɭɩɪɚɜɥɟɧɢɹ ɢ ɢɦɟɸɬ ɮɨɪɦɭ, ɭɞɨɛɧɭɸ 
ɞɥɹ ɪɟɚɥɢɡɚɰɢɢ ɜɵɱɢɫɥɟɧɢɣ ɜ ɪɟɚɥɶɧɨɦ ɜɪɟ-
ɦɟɧɢ. 
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