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Abstract. The problem of Kelvin and Maxwell model equivalence in one- and three-dimensional cases 
is  investigated. The equations of  one model transfer to the other one have been given. 
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Аннотация. Исследован вопрос об эквивалентности моделей Кельвина и Максвелла в одномер-
ном и трехмерном случаях. Приведены формулы перехода от одной модели к другой. 
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ПРО ЕКВІВАЛЕНТНІСТЬ БАГАТОЕЛЕМЕНТНИХ МОДЕЛЕЙ  
КЕЛЬВІНА ТА МАКСВЕЛЛА  

 
В.О. Богомолов, проф., д.т.н., І.Л. Разніцин, доц., к. ф-м. н., 

Харківський національний автомобільно-дорожній університет 
 

Анотація.  Досліджено питання про еквівалентність моделей Кельвіна і Максвелла в одно-
вимірному і тривимірному випадках. Наведено формули переходу від однієї моделі до іншої. 
 
Ключові слова: лінійна в’язкопружність, модель Кельвіна, модель Максвелла, еквівалентні мо-
делі. 
 
 

Introduction 
 

In engineering practice of modelling the physi-
cal structure of materials with linear visco-
elastic properties the mechanical models  
composed of elements of elasticity and viscosity 
interconnected in different ways have become 
rather widespread. In [1], some (three or four-
element) one-dimensional models were  
observed to be equivalent at the expense of se-
lecting component characteristics. This means 
that the relation between the stress and strain 
generated by these models is equal. 

The authors of [2] suggested a hypothesis of the 
equivalence of Kelvin and Maxwell multiple-
unit models. 
 
In the paper we substantiated this statement for 
one-dimensional models, and the conditions un-
der which it was true for a three-dimensional 
case. 
 

Objective and Problem Setting 
 
In Fig. 1–4 and 5–8 the structural diagrams of 
models called Kelvin and Maxwell generalized 
models in the scientific literature respectively, 
are shown:  
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Fig. 1. Kelvin generalized model with missing 

individual elements of stiffness and viscos-
ity 

 
 
 
 
 
 
 
 
 
 
 
Fig. 2. Kelvin generalized model with an indi-

vidual stiffener 
 

 
 
 
 
 
 
 
 
 
 
Fig. 3. Kelvin generalized model with an indi-

vidual viscosity element  
 

 
 
 
 
 
 
 
 
 
 
 
Fig. 4. Kelvin generalized model with some in-

dividual elements of stiffness and viscosity  
 

 
 

 
 
 
 
 
 
 
 
 
 
Fig. 5. Maxwell generalized model with some 

individual elements of stiffness and vis-
cosity  

 
 
 
 
 
 
 
 
 
 
 
Fig. 6. Maxwell generalized model with an indi-

vidual stiffener  
 

 
 
 
 
 
 
 
 
 
 
Fig. 7. Maxwell generalized model with an indi-

vidual viscosity element  
 

 
 
 
 
 
 
 
 
 
 
 
Fig. 8. Maxwell generalized model with missing 

individual elements of stiffness and 
viscosity 
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The main aim of the work is to investigate the 
question: under what condition for the model of 
one type there exists an equivalent model of the 
other type? 
 

One-dimensional models 
 
In one-dimensional case for the mechanical 
models of the theory of linear viscoelasticity the 
relation between the stress ( ) and the strain 
( ) can be seen in terms of the differential 
equation (hereinafter referred to as the model 
equation), set up by certain rules [1], [3]. In the 
operator form it is written as follows 
 

1 1 1 2

1 1 1 2

( ,  ..., ,  ,  ..., ,  )
( ,  ..., ,  ..., ,  ..., ,  )

n n

n n

P p p k k D
Q p p k k D

 
     (1) 

 

where dD
dt

 ,  1 1 1 2( ,  ..., ,  ,  ..., ,  )n nP p p k k S  

and 1 1 1 2( ,  ..., ,  ,  ..., ,  )n nQ p p k k S  are polynomi-
als (from S ), which coefficients are dependent 
on the parameters of the component elasticity 
( )ip  and viscosity ( )ik , 1n  and 2n  - the number 
of elasticity and viscosity elements included into 
the block diagram model.  
 
Then we accept such definitions. 
Definition 1. Two one-dimensional models are 
equivalent if the following conditions hold 
 

1 2

1 2

( ) ( ) ;
( ) ( )

Q S Q S
P S P S

           (2) 

1 2deg  deg  ,P P           (3) 
 

where 1P , 1Q  и 2P , 2Q  are equation polynomi-
als of the first and the second models. 
 
Definition 2. 
The model is called multiple, if there is an 
equivalent model with a less number of elements 
and non-multiple otherwise. It is easy to ascer-
tain that concerning the Kelvin and Maxwell 
models the following facts are true.  
 
Statement 1. 

Condition 
KK
ji

K K
i j

pp
k k

 (
MM
ji

M M
i j

pp
k k

 ); i j  is nec-

essary and sufficient for non-multiplicity of  
models shown in Fig. 1 (Fig. 8) with ,  1,i j n , 
and for models – in fig. 2 – 4 (Fig. 5-7) with 
,  2,i j n . 

 
Statement 2. Any multiple Kelvin or Maxwell 
model is equivalent to a non-multiple model of 
the same type, i.e. shown in the same figure, but 
with less n . 
 
The equations of non-multiple Kelvin and 
Maxwell models are presented in Table 1 (see 
Appendix). 
 
Now we formulate the main result for the one-
dimensional case. 
 

 
Table 1 Non-multiple Kelvin and Maxwell model equations 

Figure number  
1 

[
1

1 ( )
Kn
i

K Ki jj j i

pП D
k k

  ] =[
1
( )

Kn
i
Ki i

pП D
k  ]   

2 
[

1

1
Kp 2

( )
Kn
i
Ki i

pП D
k 

1,2

1 ( )
Kn
i

K Ki jj j i

pП D
k k

   ] =[
2
( )

Kn
i
Ki i

pП D
k  ]   

3 
[

1

1
Kk 2

( )
Kn
i
Ki i

pП D
k 

1,2

1 ( )
Kn
i

K Ki jj j i

pD П D
k k

   ] =[
2
( )

Kn
i
Ki i

pD П D
k  ]   

4 
[

1

1
KP 1

( )
Kn
i
Ki i

pП D
k 

1,2

1 ( )
Kn
i

K Ki jj j i

pD П D
k k

   ] =[
2
( )

Kn
i
Ki i

pD П D
k  ]   

5 
[

1
( )

Mn
i
Ki i

pП D
k  ] =[

1,1
( )

Mn
M i
j Mi jj i

pD p П D
k

  ]   

6 
[

2
( )

Mn
i
Mi i

pП D
k  ] =[ 1 2

( )
Mn

M i
Mi i

pP П D
k  +

1,2
( )

Mn
m i
j Mi jj i

pD P П D
k

  ]  

 



Автомобильный транспорт, вып. 37, 2015 
 

178 

The end of the Table 1 
 

Figure number  
7 

[
2
( )

Mn
i
Mi i

pП D
k  ] =[ 1 2

( )
Mn

M i
Mi i

pk П D
k  +

1,2
( )

Mn
M i
j Mi jj i

pD p П D
k

  ]  

8 
[

2
( )

Mn
i
Mi i

pП D
k  ] =[ 1 1

( )
Mn

M i
Mi i

pk П D
k  +

1,2
( )

Mn
m i
j Mi jj i

pP П D
k

  ]  

 
Theorem 1 
For any Kelvin model there is an equivalent 
Maxwell model and, conversely, for any Max-
well model there is an equivalent Kelvin model. 
First we note that proving this theorem accord-
ing to Statement 2 we can restrict ourselves only 
by non-multiple models, and considering the 
form of the model equations presented in Table. 
1, the following inequalities are supposed to be 
fulfilled 
 

...
Y Y
l n
Y Y
l n

p p
k k

  , where ,  Y K M , 1l   – for 

 
models in Fig. 1,8; 2l   for models in Fig. 2-7.  
Now, for these models, it is sufficient to show 
equations (we will call them transfer equation), 
which allow us to find an equivalent model 
parameter values by the parameter values of the 
model. These equations are shown below in 
Tables 2, 3 (see Appendix). 

 

Table 2 Transfer equations from Maxwell models to Kelvin models  

Figure number  Transfer equations 
 
 
 
1.1 and 1.5 

1

1

( )

( )

n
M M
j ii jK M

j Mn
M i
j Mi i

П
k k

pП
k





   
 

; 
1

1,

( )
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j j Mn
M i
j Mi j i

П
p k

pП
k





   
 

; 1,j n  

1 ...M M
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2
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1

1K
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M
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j

p
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  ;  1,

21

( )1

( )

n
M M
j ii jK

j n Mn
M M i
j j Mij i
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k





   
  ; K M M

j j jp k  ; 2,j n  
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2
0

M Mn
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i i i

p k S p
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1

n
K M

i
i

k k


 ; 1,
1

2
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( )

n
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j j Mn
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П
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k





    
 

; K M M
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n     – roots of the equation 1

2
0
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i i i

p k k
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1.4 and 1.8 

1
1

n
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1
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1

1
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( )
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M M M
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Table 3 Transfer equations from Kelvin models to Maxwell models 
 

Figure  
number 

Transfer equations 

 
 
 
1.5 and 1.1 

1

1

1
1

M
n

K
j j

k

k

  ; 1

1

1
1

M
n

K
j j

p

p

  ;  

1
1

1,
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( )
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K i
j kiM M i

j
K K K
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; 2,j n ; 

1M M
j jK

j
k p    

2 ...K K
n     - roots of the equation 

1

1 0
n

K K
i i ip k S

  

 
 
1.6 and 1.2 

1

1

1
1

M
n

K
i i

p

p

  ; 
2

1

1,

( )

( )

Kn
K i
j kiM K i

j
k K K
j j ii j

pП
kp p

П





 
 

  
 

1M M
j jK

j
k p    

2 ...K K
n     - roots of the equation 

2 1

1 1 0
n

K K K
i i ip k S p

   

 
 
1.7 and 1.3 

1

1

1
1

M
n

K
i i

k

k

  ; 
2

1,
1

( )
1 1

1 ( )

Kn
K i
j KiM i

j K n
K Kj
j iK i j

j i

pП
kk

П
k





 
      ; 

2

1,
1

( )
1

1 ( )

Kn
K i
j kiM i

j n
K K
j iK i j

j i

pП
kp

П
k





 
 

   2,j n  

 2 ...K K
n     - roots of the equation 

2

1 1 0
n

K K K
i i i ip k S k S

   

 
1.8 and 1.4 

2
1

( )

( )

Kn
K i
j KiM K i

j
K K
j ii j

pП
kp p

П





 
 

  
; 

1M M
j jK

j
k p   ;  1,j n  

2 ...K K
n     - roots of the equation 

2 1 1

1 1 1 0
n

K K K K
i i ip k S p k S

    

 
Three-dimensional models 

 
When using a 3-D models of linear isotropic 
material, built on the basis of the mechanical 
block diagrams, each elasticity element is char-
acterized by a modulus of elasticity in shift ( G ) 
and the Poisson’s ratio ( e ), and each viscosity 
element is characterized by the viscous re-

sistance coefficient ( ) and strain coefficient 
( V ). The relations connecting the stress devia-
tor components ( ij ), strain ones ( ij ) and also 
mean stress ( c ) and strain ( c ) can be written 
in the form of differential equations, which are 
defined as follows.  
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Let 1 1 1 2( ,  ... ,  ,  ,  ... , ,  )n nP p p k k D  and 

1 1 1 2( ,  ... ,  ,  ,  ... , ,  )n nQ p p k k D  are operators of 
the one-dimensional model equations (1), and 
 

1 1 1 2( ) (2 ,  ... ,  2 ,2 , ... , 2 , );g n nP D P G G D     (4) 
 

1 1 1 2( ) (2 ,  ... ,  2 ,2 ,  ... , 2 ,  );g n nQ D P G G D     (5) 
 

* * * *
1 1 1 2( ) ( ,  ... ,  ,  ,  ... , ,  );c n nP D P p p k k D     (6) 

 
* * * *
1 1 1 2( ) ( ,  ... ,  ,  ,  ... , ,  );c n nQ D Q p p k k D       (7) 

 

where * 2 (1 )
1 2

e
i i

i e
i

Gp    ; 11,  i n , 

* 2 (1 )
1 2

V
i i

i V
i

k     ; 21,  i n . 

 
Then  

( ) ( )g ij g ijP D Q D   , ,  1,3i j  ,       (8) 
 

( ) ( ) .c c c cP D Q D         (9) 
 
Definition 3. Two three-dimensional models are 
equivalent, if the following conditions hold 
 

1 2

1 2

( ) ( )
( ) ( )

g g

g g

Q S Q S
P S P S

 ; 1 2

1 2

( ) ( ) ;
( ) ( )

c c

c c

Q S Q S
P S P S

       (10) 

 
1 2deg  deg  g gP P ; 1 2deg  deg  .c cP P     (11)  

 
In a three- dimensional case theorem 1 is false, 
i.e. there is a Kelvin (Maxwell) model to which 
there is no equivalent Maxwell (Kelvin) model.   
However, one can select a wide class of models 
to which the statement of this theorem is true. 
Theorem 2. 
 
If these conditions hold for a Kelvin (Maxwell) 
model 
 

KK
ji

K K
i j

GG    ( );
MM
ji

M M
i j

GG          (12) 

 
,, ,

, , ,

,

,
,

11 1 2
1 2 1 1 2

1 2
,

1

e Ke K V K K
ji i i

e K V K k e K
i i i j

V K K
j j

V K K
j j k

G

G

          
   

  (13) 

 

,, ,

, , ,

,

,
,

11 1 2(
1 2 1 1 2

1 2
),

1

e Me M V M k
ji i i

e M V M k e M
i i i j

V M M
j j

V M M
j j k

G

G

          
   

  (14) 

 
with i j ; , 1,i j n  for Fig. 1, (Fig. 8) and 
, 2,i j n  for Fig. 2–4, (5–7), then there is an 

equivalent Maxwell (Kelvin) model to it. 
 
The proof of this theorem as well as Theorem 1 
is constructive. We describe the construction of 
transfer equations for these models. They are 
obtained by using the transfer equations for one-
dimensional models. For example, suppose you 
must find a model of Maxwell, which is equiva-
lent to Kelvin model with parameters 
 

k , , , ,
1 n 1 1 1,  ..., ,  ,  ..., ,  , ... , ,  ,  ... , k e k e k k k V k v k

n n nG G      
 

We write the transfer equations for a one-
dimensional model having the same block dia-
gram as 
 

1 1

1

( ,  ..., ,  ..., ,  ..., )

( ,  ... , ,  ... , ,  ... , )

M k k k k
i i n n
M k k k k
i i i n n

p g p p k k

k f p p k k


 1, .i n  (15) 

 
Then, considering that (13). (15) hold, we obtain 
 

k
1 n 1

k k
1 1 n

1 (2 ,  ..., 2 ,  2 , ... , )
2
1 (2 ,  ... , 2 ,  .2 ,  ... , 2 )
2

M k k k
i i n

M k k
i i n

G g G G

f G G

  
   

     (16) 

*, *, *, *,
, 1 1

*, *, *, *,
1 1

1 ( ,...,  ,  ,...,  ) 2  
2 ( ,...,  , ,...,  )

K M K K K
e M i n n i
i K M K K M

i n n i

g p p k k G
g p p k k G

  
 

*, *, *, *,
, 1 1

*, *, *, *,
1 1

1 ( ,...,  ,  ,...,  ) 2  
2 ( ,...,  , ,...,  )

K M K K M
V M i n n i
i K M K K M

i n n i

f p p k k
f p p k k

   
 

,
*,

,
2 (1 )

1 2

K e K
K i i

i e K
i

Gp   
,

*,
,

2 (1 ) .
1 2

K V K
K i i

i V K
i

k      

 
Conclusions 

 
Thus, for multiple Kelvin and Maxwell models 
we have established their equivalences in a one-
dimensional case and sufficient conditions have 
been presented for its validity in a three-
dimensional case. The transfer equations from 
one type model to another have been found in an 
explicit form. 
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