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Ⱥɧɧɨɬɚɰɢɹ. ȼɵɩɨɥɧɟɧ ɚɧɚɥɢɡ ɭɫɬɨɣɱɢɜɨɫɬɢ ɜɨɡɦɭɳɟɧɧɨɝɨ ɞɜɢɠɟɧɢɹ ɫɢɫɬɟɦɵ ɚɜɬɨɦɚɬɢɱɟɫ-
ɤɨɝɨ ɭɩɪɚɜɥɟɧɢɹ ɬɨɪɦɨɡɚɦɢ ɧɚ ɨɫɧɨɜɟ ɜɬɨɪɨɝɨ ɦɟɬɨɞɚ Ʌɹɩɭɧɨɜɚ. ɂɫɩɨɥɶɡɭɹ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ 
Ʌɭɪɶɟ, ɩɨɥɭɱɟɧɚ ɤɚɧɨɧɢɱɟɫɤɚɹ ɮɨɪɦɚ ɫɢɫɬɟɦɵ ɭɪɚɜɧɟɧɢɣ ɚɜɬɨɦɚɬɢɱɟɫɤɨɝɨ ɭɩɪɚɜɥɟɧɢɹ. ɗɬɨ 

ɩɨɡɜɨɥɢɥɨ ɨɩɪɟɞɟɥɢɬɶ ɧɟɨɛɯɨɞɢɦɵɟ ɢ ɞɨɫɬɚɬɨɱɧɵɟ ɭɫɥɨɜɢɹ ɚɫɢɦɩɬɨɬɢɱɟɫɤɨɣ ɭɫɬɨɣɱɢɜɨɫɬɢ 

ɫɢɫɬɟɦɵ ɧɟɡɚɜɢɫɢɦɨ ɨɬ ɧɚɱɚɥɶɧɨɝɨ ɟɺ ɫɨɫɬɨɹɧɢɹ ɢ ɤɨɧɤɪɟɬɧɨɝɨ ɜɵɛɨɪɚ ɞɨɩɭɫɬɢɦɨɣ ɯɚɪɚɤɬɟ-
ɪɢɫɬɢɤɢ ɪɟɝɭɥɹɬɨɪɚ. 
 

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: ɫɢɫɬɟɦɚ, ɬɨɪɦɨɡɧɨɟ ɭɩɪɚɜɥɟɧɢɟ, ɤɨɥɟɫɧɚɹ ɦɚɲɢɧɚ, ɮɭɧɤɰɢɹ Ʌɹɩɭɧɨɜɚ, ɭɫ-
ɬɨɣɱɢɜɨɫɬɶ. 
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Ⱥɧɨɬɚɰɿɹ. ȼɢɤɨɧɚɧɨ ɚɧɚɥɿɡ ɫɬɿɣɤɨɫɬɿ ɡɛɭɪɟɧɨɝɨ ɪɭɯɭ ɫɢɫɬɟɦɢ ɚɜɬɨɦɚɬɢɱɧɨɝɨ ɤɟɪɭɜɚɧɧɹ ɝɚɥɶ-
ɦɚɦɢ ɧɚ ɩɿɞɫɬɚɜɿ ɞɪɭɝɨɝɨ ɦɟɬɨɞɭ Ʌɹɩɭɧɨɜɚ. ȼɢɤɨɪɢɫɬɨɜɭɸɱɢ ɩɟɪɟɬɜɨɪɟɧɧɹ Ʌɭɪ’ɽ, ɨɬɪɢɦɚɧɨ 
ɤɚɧɨɧɿɱɧɭ ɮɨɪɦɭ ɫɢɫɬɟɦɢ ɪɿɜɧɹɧɶ ɚɜɬɨɦɚɬɢɱɧɨɝɨ ɤɟɪɭɜɚɧɧɹ. ɐɟ ɞɨɡɜɨɥɢɥɨ ɜɢɡɧɚɱɢɬɢ ɧɟɨɛɯɿɞɧɿ 
ɬɚ ɞɨɫɬɚɬɧɿ ɭɦɨɜɢ ɚɫɢɦɩɬɨɬɢɱɧɨʀ ɫɬɿɣɤɨɫɬɿ ɫɢɫɬɟɦɢ ɧɟɡɚɥɟɠɧɨ ɜɿɞ ʀʀ ɩɨɱɚɬɤɨɜɨɝɨ ɫɬɚɧɭ ɬɚ 

ɤɨɧɤɪɟɬɧɨɝɨ ɜɢɛɨɪɭ ɞɨɩɭɫɬɢɦɨʀ ɯɚɪɚɤɬɟɪɢɫɬɢɤɢ ɪɟɝɭɥɹɬɨɪɚ. 
 

Ʉɥɸɱɟɜɿ ɫɥɨɜɚ: ɫɢɫɬɟɦɚ, ɝɚɥɶɦɨɜɟ ɤɟɪɭɜɚɧɧɹ, ɤɨɥɿɫɧɚ ɦɚɲɢɧɚ, ɮɭɧɤɰɿɹ Ʌɹɩɭɧɨɜɚ, ɫɬɿɣɤɿɫɬɶ. 
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Abstract. The analysis of the perturbed motion stability of the brake automatic control system on the 

basis of Lyapunov’s second method is carried out. Using transformations of Lurie there has been ob-

tained the canonical form of the system of equations of automatic control. It allowed determining the 

necessary and sufficient conditions of the asymptotic stability of the system irrespective of its initial 

condition and a definite choice of the admissible characteristic of the regulator. 

 

Key words: system, brake system, wheel vehicle, Lyapunov’s function, stability. 

 

 

 



ǮȐȠȜȚȜȏȖșȪțȩȗ ȠȞȎțȟȝȜȞȠ, Ȑȩȝ. 29, 2011 15

ȼɜɟɞɟɧɢɟ 
 

ɉɪɨɰɟɫɫ ɭɩɪɚɜɥɟɧɢɹ ɬɨɪɦɨɡɚɦɢ ɤɨɥɟɫɧɵɯ 

ɦɚɲɢɧ ɦɨɠɟɬ ɩɪɨɢɫɯɨɞɢɬɶ ɩɪɢ ɭɫɥɨɜɢɹɯ: 
– ɬɨɪɦɨɡɧɚɹ ɫɢɥɚ ɧɚ ɤɨɥɟɫɟ ɢɦɟɟɬ ɡɧɚɱɟɧɢɟ, 
ɛɥɢɡɤɨɟ ɤ ɡɧɚɱɟɧɢɸ ɫɢɥɵ ɫɰɟɩɥɟɧɢɹ ɤɨɥɟɫɚ ɫ 
ɨɩɨɪɧɨɣ ɩɨɜɟɪɯɧɨɫɬɶɸ ɢɥɢ ɩɪɟɜɵɲɚɸɳɟɟ 
ɟɝɨ; 
– ɬɨɪɦɨɡɧɚɹ ɫɢɥɚ ɧɚ ɤɨɥɟɫɟ ɦɟɧɶɲɟ ɜɨɡɦɨɠ-

ɧɨɣ ɫɢɥɵ ɫɰɟɩɥɟɧɢɹ ɤɨɥɟɫɚ ɫ ɨɩɨɪɧɨɣ ɩɨɜɟɪ-
ɯɧɨɫɬɶɸ. 

 

ɗɮɮɟɤɬɢɜɧɨɫɬɶ ɬɨɪɦɨɠɟɧɢɹ ɜ ɩɟɪɜɨɦ ɫɥɭɱɚɟ 
ɨɩɪɟɞɟɥɹɟɬɫɹ ɤɨɷɮɮɢɰɢɟɧɬɨɦ ɫɰɟɩɥɟɧɢɹ ɤɨ-
ɥɟɫɚ ɫ ɨɩɨɪɧɨɣ ɩɨɜɟɪɯɧɨɫɬɶɸ ɢ ɤɚɱɟɫɬɜɨɦ 

ɪɚɛɨɱɟɝɨ ɩɪɨɰɟɫɫɚ ɚɧɬɢɛɥɨɤɢɪɨɜɨɱɧɨɣ ɫɢɫ-
ɬɟɦɵ, ɨɛɟɫɩɟɱɢɜɚɸɳɟɣ ɚɞɚɩɬɚɰɢɸ ɭɩɪɚɜɥɹ-
ɸɳɟɝɨ ɜɨɡɞɟɣɫɬɜɢɹ ɤ ɭɫɥɨɜɢɹɦ ɤɚɱɟɧɢɹ ɤɨ-
ɥɟɫɚ. Ⱦɚɧɧɵɣ ɫɥɭɱɚɣ ɭɩɪɚɜɥɟɧɢɹ ɦɨɠɧɨ 

ɨɯɚɪɚɤɬɟɪɢɡɨɜɚɬɶ ɤɚɤ ɷɤɫɬɪɟɦɚɥɶɧɵɣ ɪɟɠɢɦ 

ɭɩɪɚɜɥɟɧɢɹ ɬɨɪɦɨɡɚɦɢ. ɗɮɮɟɤɬɢɜɧɨɫɬɶ ɬɨɪ-
ɦɨɠɟɧɢɹ ɜɨ ɜɬɨɪɨɦ ɫɥɭɱɚɟ ɨɩɪɟɞɟɥɹɟɬɫɹ 
ɭɩɪɚɜɥɹɸɳɢɦ ɜɨɡɞɟɣɫɬɜɢɟɦ ɜɨɞɢɬɟɥɹ, ɷɮɮɟ-
ɤɬɢɜɧɨɫɬɶɸ ɬɨɪɦɨɡɧɨɣ ɫɢɫɬɟɦɵ ɢ ɤɚɱɟɫɬɜɨɦ 

ɪɚɛɨɱɟɝɨ ɩɪɨɰɟɫɫɚ ɪɟɝɭɥɹɬɨɪɚ ɬɨɪɦɨɡɧɵɯ 
ɫɢɥ. ȼ ɷɬɨɦ ɫɥɭɱɚɟ ɪɟɠɢɦ ɭɩɪɚɜɥɟɧɢɹ ɬɨɪɦɨ-
ɡɚɦɢ ɯɚɪɚɤɬɟɪɢɡɭɟɬɫɹ ɤɚɤ ɞɨɷɤɫɬɪɟɦɚɥɶɧɵɣ. 

 

Ⱥɧɚɥɢɡ ɩɭɛɥɢɤɚɰɢɣ 

 

ȼɨɩɪɨɫɵ ɚɞɚɩɬɢɜɧɨɝɨ ɭɩɪɚɜɥɟɧɢɹ ɜ ɪɟɠɢɦɟ 
ɷɤɫɬɪɟɦɚɥɶɧɨɝɨ ɭɩɪɚɜɥɟɧɢɹ ɤɨɥɟɫɧɵɦɢ ɦɚ-
ɲɢɧɚɦɢ ɨɫɜɟɳɟɧɵ ɞɨɫɬɚɬɨɱɧɨ ɝɥɭɛɨɤɨ [1, 2]. 

 

Ɋɟɠɢɦ ɞɨɷɤɫɬɪɟɦɚɥɶɧɨɝɨ ɭɩɪɚɜɥɟɧɢɹ ɬɨɪɦɨ-
ɡɚɦɢ ɤɨɥɟɫɧɵɯ ɦɚɲɢɧ ɢɫɫɥɟɞɨɜɚɥɫɹ ɜ ɨɫɧɨɜ-
ɧɨɦ ɜ ɩɥɚɧɟ ɪɚɫɩɪɟɞɟɥɟɧɢɹ ɬɨɪɦɨɡɧɵɯ ɭɫɢ-

ɥɢɣ [3]. ȼɨɩɪɨɫɵ ɚɞɚɩɬɚɰɢɢ ɬɨɪɦɨɡɧɨɝɨ 
ɩɪɢɜɨɞɚ, ɧɚɩɪɚɜɥɟɧɧɵɟ ɧɚ ɫɬɚɛɢɥɢɡɚɰɢɸ ɷɪ-
ɝɨɧɨɦɢɱɟɫɤɢɯ ɩɚɪɚɦɟɬɪɨɜ ɭɩɪɚɜɥɟɧɢɹ ɬɨɪɦɨ-
ɡɚɦɢ, ɢɫɫɥɟɞɨɜɚɧɵ ɧɟɞɨɫɬɚɬɨɱɧɨ [3]. 

 

ɐɟɥɶ ɢ ɩɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɢ 

 

ɋɥɟɞɭɟɬ ɡɚɦɟɬɢɬɶ, ɱɬɨ ɪɟɠɢɦ ɞɨɷɤɫɬɪɟɦɚɥɶ-
ɧɨɝɨ ɭɩɪɚɜɥɟɧɢɹ ɬɨɪɦɨɡɚɦɢ ɯɚɪɚɤɬɟɪɢɡɭɟɬɫɹ 
ɧɟɫɬɚɛɢɥɶɧɨɫɬɶɸ ɷɪɝɨɧɨɦɢɱɟɫɤɢɯ ɩɚɪɚɦɟɬ-
ɪɨɜ, ɨɛɭɫɥɨɜɥɟɧɧɨɣ ɞɟɣɫɬɜɢɟɦ ɜɨɡɦɭɳɚɸ-

ɳɢɯ ɮɚɤɬɨɪɨɜ, ɢɡɦɟɧɹɸɳɢɯɫɹ ɩɪɢ ɷɤɫɩɥɭɚ-
ɬɚɰɢɢ: 

 

– ɦɚɫɫɵ ɤɨɥɟɫɧɨɣ ɦɚɲɢɧɵ; 

– ɤɨɷɮɮɢɰɢɟɧɬɨɜ ɷɮɮɟɤɬɢɜɧɨɫɬɢ ɬɨɪɦɨɡɧɵɯ 
ɦɟɯɚɧɢɡɦɨɜ; 
– ɷɮɮɟɤɬɢɜɧɨɫɬɢ ɬɨɪɦɨɡɧɨɝɨ ɩɪɢɜɨɞɚ. 
 

ȼɫɥɟɞɫɬɜɢɟ ɷɬɨɝɨ ɜɨɞɢɬɟɥɸ ɧɟɨɛɯɨɞɢɦɨ ɚɞɚ-
ɩɬɢɪɨɜɚɬɶɫɹ ɤ ɦɟɧɹɸɳɢɦɫɹ ɯɚɪɚɤɬɟɪɢɫɬɢɤɚɦ 

ɬɨɪɦɨɡɧɨɝɨ ɭɩɪɚɜɥɟɧɢɹ. ɉɪɢɱɟɦ ɜɥɢɹɧɢɟ ɧɟ-
ɤɨɬɨɪɵɯ ɜɨɡɦɭɳɚɸɳɢɯ ɮɚɤɬɨɪɨɜ ɨɧ ɦɨɠɟɬ 
ɡɚɪɚɧɟɟ ɨɰɟɧɢɬɶ ɫ ɨɩɪɟɞɟɥɟɧɧɨɣ ɞɨɫɬɨɜɟɪɧɨ-
ɫɬɶɸ (ɧɚɩɪɢɦɟɪ, ɢɡɦɟɧɟɧɢɟ ɦɚɫɫɵ ɦɚɲɢɧɵ 

ɩɨɫɥɟ ɡɚɝɪɭɡɤɢ). ȼɥɢɹɧɢɟ ɞɪɭɝɢɯ ɩɚɪɚɦɟɬɪɨɜ 
ɢɥɢ ɢɯ ɫɨɱɟɬɚɧɢɹ ɜɨɞɢɬɟɥɶ ɨɰɟɧɢɜɚɟɬ ɩɨ ɡɚ-
ɦɟɞɥɟɧɢɸ ɦɚɲɢɧɵ ɬɨɥɶɤɨ ɜɨ ɜɪɟɦɹ ɩɪɨɰɟɫɫɚ 
ɬɨɪɦɨɠɟɧɢɹ. ȼ ɷɬɨɦ ɫɥɭɱɚɟ ɭ ɜɨɞɢɬɟɥɹ ɨɫɬɚɟ-
ɬɫɹ ɨɱɟɧɶ ɦɚɥɨ ɜɪɟɦɟɧɢ ɧɚ ɚɞɚɩɬɚɰɢɸ ɤ ɢɡ-
ɦɟɧɢɜɲɢɦɫɹ ɯɚɪɚɤɬɟɪɢɫɬɢɤɚɦ ɬɨɪɦɨɡɧɨɝɨ 
ɭɩɪɚɜɥɟɧɢɹ. 
 

ɋ ɰɟɥɶɸ ɩɨɜɵɲɟɧɢɹ ɤɚɱɟɫɬɜɚ ɢ ɷɮɮɟɤɬɢɜɧɨ-

ɫɬɢ ɞɨɷɤɫɬɪɟɦɚɥɶɧɨɝɨ ɪɟɠɢɦɚ ɬɨɪɦɨɠɟɧɢɹ 
ɬɪɟɛɭɟɬɫɹ ɪɚɡɪɚɛɨɬɚɬɶ ɚɜɬɨɦɚɬɢɱɟɫɤɭɸ ɫɢɫ-
ɬɟɦɭ ɭɩɪɚɜɥɟɧɢɹ, ɤɨɬɨɪɚɹ ɩɨɡɜɨɥɢɬ ɩɟɪɟɥɨ-
ɠɢɬɶ ɮɭɧɤɰɢɢ ɚɞɚɩɬɚɰɢɢ ɫ ɱɟɥɨɜɟɤɚ (ɜɨɞɢɬɟ-
ɥɹ) ɧɚ ɬɨɪɦɨɡɧɨɟ ɭɩɪɚɜɥɟɧɢɟ ɤɨɥɟɫɧɨɣ 

ɦɚɲɢɧɵ. Ɂɚɦɟɬɢɦ, ɱɬɨ ɜ ɷɬɨɦ ɫɥɭɱɚɟ ɬɨɪɦɨɡ-
ɧɨɟ ɭɩɪɚɜɥɟɧɢɟ ɜɵɩɨɥɧɹɟɬ ɮɭɧɤɰɢɢ ɪɟɝɭɥɹ-
ɬɨɪɚ ɜ ɧɟɫɬɚɰɢɨɧɚɪɧɨɣ ɫɢɫɬɟɦɟ ɭɩɪɚɜɥɟɧɢɹ 
ɨɛɴɟɤɬɨɦ–ɤɨɥɟɫɧɨɣ ɦɚɲɢɧɨɣ, ɚ ɜɨɞɢɬɟɥɶ 
ɜɵɩɨɥɧɹɟɬ ɮɭɧɤɰɢɢ ɡɜɟɧɚ, ɨɩɪɟɞɟɥɹɸɳɟɝɨ 

ɩɚɪɚɦɟɬɪɵ ɫɨɫɬɨɹɧɢɹ ɤɨɥɟɫɧɨɣ ɦɚɲɢɧɵ. 

 

Ɉɛɵɱɧɨ ɫɢɫɬɟɦɚ ɚɜɬɨɦɚɬɢɱɟɫɤɨɝɨ ɭɩɪɚɜɥɟ-
ɧɢɹ ɫɨɞɟɪɠɢɬ ɨɫɧɨɜɧɨɣ ɤɨɧɬɭɪ ɢ ɤɨɧɬɭɪ ɫɚ-
ɦɨɧɚɫɬɪɨɣɤɢ ɢ ɫɨɫɬɨɢɬ ɢɡ ɨɛɴɟɤɬɚ ɪɟɝɭɥɢɪɨ-
ɜɚɧɢɹ, ɢɡɦɟɪɢɬɟɥɟɣ, ɫɭɦɦɢɪɭɸɳɟɝɨ ɩɪɢɛɨɪɚ, 
ɫɟɪɜɨɦɨɬɨɪɚ ɢ ɦɟɯɚɧɢɡɦɚ ɨɛɪɚɬɧɨɣ ɫɜɹɡɢ. ȼ 

ɧɚɲɟɦ ɫɥɭɱɚɟ ɨɫɧɨɜɧɨɣ ɤɨɧɬɭɪ ɭɩɪɚɜɥɟɧɢɹ 
ɫɨɫɬɨɢɬ ɢɡ ɪɟɝɭɥɹɬɨɪɚ – ɬɨɪɦɨɡɧɨɝɨ ɩɪɢɜɨɞɚ 
ɢ ɢɫɩɨɥɧɢɬɟɥɶɧɵɯ ɭɫɬɪɨɣɫɬɜ – ɬɨɪɦɨɡɧɵɯ 
ɦɟɯɚɧɢɡɦɨɜ. ɉɨɞ ɨɛɴɟɤɬɨɦ ɪɟɝɭɥɢɪɨɜɚɧɢɹ 
ɩɨɧɢɦɚɟɬɫɹ ɤɨɥɟɫɧɚɹ ɦɚɲɢɧɚ, ɚ ɫɨɜɨɤɭɩ-

ɧɨɫɬɶ ɢɡɦɟɪɢɬɟɥɟɣ, ɫɭɦɦɢɪɭɸɳɟɝɨ ɩɪɢɛɨɪɚ 
ɢ ɦɨɞɭɥɹɬɨɪɚ ɭɩɪɚɜɥɹɸɳɟɝɨ ɜɨɡɞɟɣɫɬɜɢɹ 
ɨɛɪɚɡɭɟɬ ɤɨɧɬɭɪ ɫɚɦɨɧɚɫɬɪɨɣɤɢ. Ɂɚɞɚɱɚ ɤɨɧ-

ɬɭɪɚ ɫɚɦɨɧɚɫɬɪɨɣɤɢ ɨɛɟɫɩɟɱɢɬɶ ɢɧɜɚɪɢɚɧɬ-
ɧɨɫɬɶ ɨɫɧɨɜɧɨɝɨ ɤɨɧɬɭɪɚ ɭɩɪɚɜɥɟɧɢɹ ɤ ɜɧɟ-
ɲɧɢɦ ɜɨɡɞɟɣɫɬɜɢɹɦ. 

 

ɐɟɥɶɸ ɪɚɛɨɬɵ ɹɜɥɹɟɬɫɹ ɨɩɪɟɞɟɥɟɧɢɟ ɧɟɨɛɯɨ-
ɞɢɦɵɯ ɢ ɞɨɫɬɚɬɨɱɧɵɯ ɭɫɥɨɜɢɣ ɚɫɢɦɩɬɨɬɢɱɟ-
ɫɤɨɣ ɭɫɬɨɣɱɢɜɨɫɬɢ ɫɢɫɬɟɦɵ ɚɜɬɨɦɚɬɢɱɟɫɤɨɝɨ 

ɭɩɪɚɜɥɟɧɢɹ ɬɨɪɦɨɡɚɦɢ ɜ ɪɟɠɢɦɟ ɞɨɷɤɫɬɪɟɦɚ-
ɥɶɧɨɝɨ ɭɩɪɚɜɥɟɧɢɹ ɧɟɡɚɜɢɫɢɦɨ ɨɬ ɧɚɱɚɥɶɧɨɝɨ 

ɟɺ ɫɨɫɬɨɹɧɢɹ ɢ ɤɨɧɤɪɟɬɧɨɝɨ ɜɵɛɨɪɚ ɞɨɩɭɫɬɢ-

ɦɨɣ ɯɚɪɚɤɬɟɪɢɫɬɢɤɢ ɪɟɝɭɥɹɬɨɪɚ. Ⱦɥɹ ɞɨɫɬɢ-

ɠɟɧɢɹ ɩɨɫɬɚɜɥɟɧɧɨɣ ɰɟɥɢ ɧɟɨɛɯɨɞɢɦɨ ɫɨɫɬɚ-
ɜɢɬɶ ɫɢɫɬɟɦɭ ɭɪɚɜɧɟɧɢɣ ɫɢɫɬɟɦɵ ɚɜɬɨɦɚ-
ɬɢɱɟɫɤɨɝɨ ɪɟɝɭɥɢɪɨɜɚɧɢɹ ɢ ɜɵɩɨɥɧɢɬɶ 
ɚɧɚɥɢɡ ɟɟ ɭɫɬɨɣɱɢɜɨɫɬɢ ɧɚ ɨɫɧɨɜɟ ɜɬɨɪɨɝɨ 
ɦɟɬɨɞɚ Ʌɹɩɭɧɨɜɚ. 
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ɍɪɚɜɧɟɧɢɹ ɜɨɡɦɭɳɟɧɧɨɝɨ ɞɜɢɠɟɧɢɹ     ɫɢ-

ɫɬɟɦɵ ɭɩɪɚɜɥɟɧɢɹ 

 

ɍɪɚɜɧɟɧɢɟ ɞɜɢɠɟɧɢɹ ɤɨɥɟɫɧɨɣ ɦɚɲɢɧɵ ɩɪɢ 

ɬɨɪɦɨɠɟɧɢɢ ɢɦɟɟɬ ɜɢɞ [4] 
 

ɜ ɬ jP P P Pψ+ + = ,                  (1) 

 

ɝɞɟ ɜP  – ɫɢɥɚ ɫɨɩɪɨɬɢɜɥɟɧɢɹ ɞɜɢɠɟɧɢɸ ɤɨ-
ɥɟɫɧɨɣ ɦɚɲɢɧɵ ɫɨ ɫɬɨɪɨɧɵ ɜɨɡɞɭɯɚ, 

( ) 2

ɜ ɜ ɚ ɚɤP F V t= ⎡ ⎤⎣ ⎦ ; Pψ  – ɫɢɥɚ ɞɨɪɨɠɧɨɝɨ ɫɨɩ-

ɪɨɬɢɜɥɟɧɢɹ ɞɜɢɠɟɧɢɸ ɤɨɥɟɫɧɨɣ ɦɚɲɢɧɵ, 

aP m gψ = ψ ; ɬP  – ɬɨɪɦɨɡɧɚɹ ɫɢɥɚ ɧɚ ɬɨɪɦɨɡ-

ɧɵɯ ɤɨɥɟɫɚɯ, [ ]ɬ ɩ 0 ɬɭ( )P P t P Ʉ= − ; jP  – ɫɢɥɚ 
ɢɧɟɪɰɢɢ ɤɨɥɟɫɧɨɣ ɦɚɲɢɧɵ, a ɜɪ ɬ ( )jP m j t= δ .  

 

ɉɪɟɨɛɪɚɡɭɟɦ ɭɪɚɜɧɟɧɢɟ (1), ɩɪɢ ɷɬɨɦ ɡɚɦɟɞ-

ɥɟɧɢɟ ɬ ( )j t  ɤɨɥɟɫɧɨɣ ɦɚɲɢɧɵ ɡɚɩɢɲɟɦ ɤɚɤ 

ɨɬɪɢɰɚɬɟɥɶɧɨɟ ɭɫɤɨɪɟɧɢɟ ɚ
ɬ ( )

dV
j t

dt
= − . 

 

( ) ( )

a
ɚ ɜɪ

2

ɜ a ɚ ɚ 0 ɬɭɤ ,

dV
m

dt

F V t m g P t P Ʉ

− δ =

= ⎡ ⎤ + ψ + ⎡ − ⎤⎣ ⎦ ⎣ ⎦

     (2) 

 

ɝɞɟ am  – ɦɚɫɫɚ ɤɨɥɟɫɧɨɣ ɦɚɲɢɧɵ; ɜpδ  – ɤɨɷ-
ɮɮɢɰɢɟɧɬ ɭɱɟɬɚ ɜɪɚɳɚɸɳɢɯɫɹ ɦɚɫɫ ɤɨɥɟɫ-
ɧɨɣ ɦɚɲɢɧɵ; a ( )V t  – ɫɤɨɪɨɫɬɶ ɞɜɢɠɟɧɢɹ  
ɤɨɥɟɫɧɨɣ ɦɚɲɢɧɵ; t  – ɧɟɡɚɜɢɫɢɦɚɹ ɩɟɪɟ-
ɦɟɧɧɚɹ; 0[ , ]ɬt t t∈  ( 0t  – ɜɪɟɦɹ ɧɚɱɚɥɚ ɩɪɨɰɟɫ-
ɫɚ, ɬt  – ɜɪɟɦɹ ɬɨɪɦɨɠɟɧɢɹ ɤɨɥɟɫɧɨɣ ɦɚɲɢ-

ɧɵ); ɜ aɤ , F  – ɤɨɷɮɮɢɰɢɟɧɬ ɨɛɬɟɤɚɟɦɨɫɬɢ ɢ 

ɥɨɛɨɜɚɹ ɩɥɨɳɚɞɶ ɦɚɲɢɧɵ; g  – ɭɫɤɨɪɟɧɢɟ 
ɫɜɨɛɨɞɧɨɝɨ ɩɚɞɟɧɢɹ; ψ  – ɤɨɷɮɮɢɰɢɟɧɬ  
ɞɨɪɨɠɧɨɝɨ ɫɨɩɪɨɬɢɜɥɟɧɢɹ; ɩ ( )P t  – ɭɩɪɚɜɥɹ-
ɸɳɟɟ ɜɨɡɞɟɣɫɬɜɢɟ, ɩɨɞɜɟɞɟɧɧɨɟ ɤ ɩɟɞɚɥɢ 

ɬɨɪɦɨɡɚ ɤɨɥɟɫɧɨɣ ɦɚɲɢɧɵ; 0P  – ɧɟɱɭɜɫɬɜɢ-

ɬɟɥɶɧɨɫɬɶ ɬɨɪɦɨɡɧɨɝɨ ɭɩɪɚɜɥɟɧɢɹ ɤɨɥɟɫɧɨɣ 

ɦɚɲɢɧɵ; ɬɭ ɩ ɭ ɬ1 ɷ1 ɬ2 ɷ2 ɪɬɫɄ i Ʉ Ʉ Ʉ Ʉ Ʉ Ʉ⎡ ⎤= +⎣ ⎦  – 

ɤɨɷɮɮɢɰɢɟɧɬ ɩɟɪɟɞɚɱɢ ɬɨɪɦɨɡɧɨɝɨ ɭɩɪɚɜɥɟ-
ɧɢɹ ( ɩi  – ɩɟɪɟɞɚɬɨɱɧɨɟ ɱɢɫɥɨ ɩɟɞɚɥɢ ɬɨɪɦɨ-
ɡɚ; ɭɄ  – ɤɨɷɮɮɢɰɢɟɧɬ ɫɟɪɜɢɫɧɨɝɨ ɭɫɢɥɟɧɢɹ 
ɭɩɪɚɜɥɹɸɳɟɝɨ ɜɨɡɞɟɣɫɬɜɢɹ, ɩɨɞɜɟɞɟɧɧɨɝɨ ɤ 
ɩɟɞɚɥɢ ɬɨɪɦɨɡɚ; ɬ1 ɬ2,Ʉ Ʉ  – ɤɨɷɮɮɢɰɢɟɧɬɵ 

ɩɟɪɟɞɚɱɢ ɬɨɪɦɨɡɧɵɯ ɤɨɧɬɭɪɨɜ; ɷ1 ɷ2,Ʉ Ʉ  – 

ɤɨɷɮɮɢɰɢɟɧɬɵ ɷɮɮɟɤɬɢɜɧɨɫɬɢ ɬɨɪɦɨɡɧɵɯ 
ɤɨɥɟɫ; ɪɬɫɄ  – ɤɨɷɮɮɢɰɢɟɧɬ ɪɟɝɭɥɹɬɨɪɚ ɬɨɪ-
ɦɨɡɧɵɯ ɫɢɥ). 

ɉɨɞɟɥɢɜ ɨɛɟ ɱɚɫɬɢ ɭɪɚɜɧɟɧɢɹ ɧɚ ɩɪɨɢɡɜɟɞɟ-
ɧɢɟ « ɚ ɜɪm− δ » ɢ ɩɨɥɚɝɚɹ, ɱɬɨ ɧɚ ɞɚɧɧɨɦ ɭɱɚɫ-
ɬɤɟ ɥɢɧɟɚɪɢɡɚɰɢɢ ɭɪɚɜɧɟɧɢɹ ɞɜɢɠɟɧɢɹ ɤɨɥɟ-
ɫɧɨɣ ɦɚɲɢɧɵ ɚ ɫɪ const,V =  ɩɨɥɭɱɢɦ 

 

( )

( )

ɜ ɜ ɚ ɫɪɚ
ɚ

ɚ ɜɪ ɜɪ

ɬɭ
ɩ 0

ɚ ɜɪ

ɤ F VdV g
V t

dt m

Ʉ
P t P

m

ψ
= − − −

δ δ

− ⎡ − ⎤⎣ ⎦δ

.     (3) 

 

ɋ ɭɱɟɬɨɦ ɩɨɥɨɠɟɧɢɣ, ɩɪɢɜɟɞɟɧɧɵɯ ɜ [5], ɤɨ-
ɷɮɮɢɰɢɟɧɬ ɷɮɮɟɤɬɢɜɧɨɫɬɢ ɬɨɪɦɨɡɧɨɝɨ ɭɩɪɚɜ-
ɥɟɧɢɹ ɦɨɠɧɨ ɩɪɟɞɫɬɚɜɢɬɶ ɜ ɜɢɞɟ 
 

ɬ

ɩ 0

( ) ( )

( )

wj t j t
k

P t P

+ψ−
=

−
,                    (4) 

 

ɝɞɟ ( )wj t+ψ  – ɡɚɦɟɞɥɟɧɢɟ ɤɨɥɟɫɧɨɣ ɦɚɲɢɧɵ, 

ɨɛɭɫɥɨɜɥɟɧɧɨɟ ɫɢɥɚɦɢ ɫɨɩɪɨɬɢɜɥɟɧɢɹ ɜɨɡɞɭ-

ɯɚ ɢ ɞɨɪɨɝɢ. 

 

Ɍɟɩɟɪɶ ɧɚ ɨɫɧɨɜɟ ɫɨɩɨɫɬɚɜɥɟɧɢɹ ɩɨɫɥɟɞɧɟɝɨ 

ɤɨɦɩɨɧɟɧɬɚ ɜ ɭɪɚɜɧɟɧɢɢ (3) ɢ ɜɵɪɚɠɟɧɢɹ (4) 

ɤɨɷɮɮɢɰɢɟɧɬ ɷɮɮɟɤɬɢɜɧɨɫɬɢ ɬɨɪɦɨɡɧɨɝɨ 
ɭɩɪɚɜɥɟɧɢɹ ɦɨɠɧɨ ɡɚɩɢɫɚɬɶ ɤɚɤ ɨɬɧɨɲɟɧɢɟ 
 

ɬɭ

ɚ ɜɪ

Ʉ
k

m
=

δ
.                        (5) 

 

ȼɜɟɞɟɦ ɨɛɨɡɧɚɱɟɧɢɹ: 
ɚ

ɚ
dV

V
dt

= $  – ɭɫɤɨɪɟɧɢɟ ɤɨɥɟɫɧɨɣ ɦɚɲɢɧɵ; 

ɜ ɚ ɚ ɫɪ

ɚ ɜɪ

ɤ F V
a

m
=

δ
 – ɤɨɷɮɮɢɰɢɟɧɬ (ɤɜɚɡɢɫɬɚɰɢɨ-

ɧɚɪɧɵɣ); 

ɜɪ

gψ
β =

δ
 – ɡɚɦɟɞɥɟɧɢɟ ɤɨɥɟɫɧɨɣ ɦɚɲɢɧɵ, 

ɨɛɭɫɥɨɜɥɟɧɧɨɟ ɫɨɩɪɨɬɢɜɥɟɧɢɟɦ ɞɨɪɨɝɢ; 

ɩ 0( )u P t P= −  – ɡɚɞɚɸɳɟɟ ɜɨɡɞɟɣɫɬɜɢɟ ɬɨɪɦɨ-
ɡɧɨɝɨ ɭɩɪɚɜɥɟɧɢɹ. 
 

ɍɪɚɜɧɟɧɢɟ (1), ɨɩɢɫɵɜɚɸɳɟɟ ɨɛɴɟɤɬ ɭɩɪɚɜ-
ɥɟɧɢɹ (ɤɨɥɟɫɧɭɸ ɦɚɲɢɧɭ) ɫ ɭɱɟɬɨɦ ɩɪɢɧɹ-
ɬɵɯ ɨɛɨɡɧɚɱɟɧɢɣ ɢ ɨɬɧɨɲɟɧɢɹ (5), ɩɪɢɨɛɪɟ-
ɬɚɟɬ ɜɢɞ 

 

ɚ ɚV aV ku= − −β −$ .                (6) 

 

Ⱦɚɧɧɨɟ ɭɪɚɜɧɟɧɢɟ (6) ɢɦɟɟɬ ɥɢɧɟɣɧɵɣ ɯɚɪɚɤ-
ɬɟɪ ɧɚ ɨɩɪɟɞɟɥɟɧɧɨɦ ɭɱɚɫɬɤɟ ɞɜɢɠɟɧɢɹ ɩɪɢ 
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ɞɟɣɫɬɜɢɢ ɜɨɡɦɭɳɟɧɢɣ. Ʉɨɷɮɮɢɰɢɟɧɬ ɷɮɮɟɤ-
ɬɢɜɧɨɫɬɢ ɬɨɪɦɨɡɧɨɝɨ ɭɩɪɚɜɥɟɧɢɹ k  ɜ ɨɛɳɟɦ 

ɫɥɭɱɚɟ ɦɨɠɟɬ ɛɵɬɶ ɩɟɪɟɦɟɧɧɵɦ, ɧɚɩɪɢɦɟɪ, 

ɩɪɢ ɫɧɢɠɟɧɢɢ ɷɮɮɟɤɬɢɜɧɨɫɬɢ ɜ ɫɥɭɱɚɟ ɫɭɳɟ-
ɫɬɜɟɧɧɨɝɨ ɧɚɝɪɟɜɚ ɬɨɪɦɨɡɧɵɯ ɦɟɯɚɧɢɡɦɨɜ. ȼ 

ɪɚɫɫɦɚɬɪɢɜɚɟɦɨɦ ɫɥɭɱɚɟ ɤɨɷɮɮɢɰɢɟɧɬ ɷɮɮɟ-
ɤɬɢɜɧɨɫɬɢ ɬɨɪɦɨɡɧɨɝɨ ɭɩɪɚɜɥɟɧɢɹ k  ɢɦɟɟɬ 
ɤɜɚɡɢɫɬɚɰɢɨɧɚɪɧɵɣ ɯɚɪɚɤɬɟɪ. 
 

ɇɟɜɨɡɦɭɳɟɧɧɨɟ ɞɜɢɠɟɧɢɟ ɧɚ ɷɬɨɦ ɭɱɚɫɬɤɟ 
ɦɨɠɧɨ ɩɪɟɞɫɬɚɜɢɬɶ ɜ ɜɢɞɟ ɭɪɚɜɧɟɧɢɹ (7), 

ɨɩɢɫɵɜɚɸɳɟɝɨ ɧɟɤɨɬɨɪɭɸ ɦɨɞɟɥɶ, ɫɨɨɬɜɟɬɫ-
ɬɜɭɸɳɭɸ ɭɫɬɚɧɨɜɢɜɲɟɦɭɫɹ ɞɜɢɠɟɧɢɸ ɤɨɥɟ-
ɫɧɨɣ ɦɚɲɢɧɵ ɜ ɧɟɝɪɭɠɟɧɨɦ ɫɨɫɬɨɹɧɢɢ. 

 

ɦ ɦ ɦ ɦV a V k q= − −β −$ ,             (7) 

 

ɝɞɟ ɦ ɦ,  V V$  – ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ ɭɫɤɨɪɟɧɢɟ ɢ 

ɫɤɨɪɨɫɬɶ ɞɜɢɠɟɧɢɹ ɷɬɚɥɨɧɧɨɣ ɦɨɞɟɥɢ ɤɨɥɟɫ-
ɧɨɣ ɦɚɲɢɧɵ, ɭ ɤɨɬɨɪɨɣ ɦɚɫɫɚ ɫɧm  ɫɨɨɬɜɟɬɫɬ-

ɜɭɟɬ ɫɧɚɪɹɠɟɧɧɨɦɭ ɫɨɫɬɨɹɧɢɸ; ɜ ɚ ɦ
ɦ

ɫɧ ɜɪ

ɤ F V
a

m
=

δ
 

– ɤɨɷɮɮɢɰɢɟɧɬ (ɤɜɚɡɢɫɬɚɰɢɨɧɚɪɧɵɣ ɧɚ ɞɚɧ-

ɧɨɦ ɭɱɚɫɬɤɟ ɥɢɧɟɚɪɢɡɚɰɢɢ ɭɪɚɜɧɟɧɢɹ ɞɜɢɠɟ-

ɧɢɹ ɷɬɚɥɨɧɧɨɣ ɦɨɞɟɥɢ); 
ɬɭɦ

ɦ
ɫɧ

Ʉ
k

m
=  – ɩɨɫɬɨ-

ɹɧɧɵɣ ɤɨɷɮɮɢɰɢɟɧɬ ɷɮɮɟɤɬɢɜɧɨɫɬɢ ɬɨɪɦɨɡ-
ɧɨɝɨ ɭɩɪɚɜɥɟɧɢɹ ɷɬɚɥɨɧɧɨɣ ɦɨɞɟɥɢ; q  – 

ɡɚɞɚɸɳɟɟ ɜɨɡɞɟɣɫɬɜɢɟ ɭɩɪɚɜɥɟɧɢɹ ɦɨɞɟɥɢ. 

 

ȼɵɱɢɬɚɹ ɢɡ (7) ɭɪɚɜɧɟɧɢɟ (6), ɩɨɫɥɟ ɩɪɟɨɛɪɚ-
ɡɨɜɚɧɢɣ ɩɨɥɭɱɢɦ ɭɪɚɜɧɟɧɢɟ ɜɨɡɦɭɳɟɧɧɨɝɨ 
ɞɜɢɠɟɧɢɹ ɫɢɫɬɟɦɵ 

 

1 ɦ 1 ɦ ɚ ɦ( )a a a V k q kuε = − ε + − − +$ ,    (8) 

 

ɝɞɟ 1 ɦ ɚV Vε = −  ɢ 1 ɦ ɚV Vε = −$ $$  – ɨɬɤɥɨɧɟɧɢɟ, 
ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ, ɫɤɨɪɨɫɬɢ ɢ ɭɫɤɨɪɟɧɢɹ ɩɪɢ 

ɞɟɣɫɬɜɢɢ ɜɨɡɦɭɳɟɧɢɣ. 

 

ɍɱɢɬɵɜɚɹ, ɱɬɨ ɤɨɷɮɮɢɰɢɟɧɬɵ a  ɢ ɦa  ɨɬɥɢ-

ɱɚɸɬɫɹ ɧɟɡɧɚɱɢɬɟɥɶɧɨ, ɬɨ ɜɬɨɪɨɣ ɱɥɟɧ ɜ ɩɪɚ-
ɜɨɣ ɱɚɫɬɢ ɭɪɚɜɧɟɧɢɹ (8) ɦɨɠɧɨ ɫɱɢɬɚɬɶ  
ɧɟɫɭɳɟɫɬɜɟɧɧɵɦ ɢ ɨɩɭɫɬɢɬɶ. ȼɜɟɞɟɦ ɨɛɨɡɧɚ-
ɱɟɧɢɹ: ɦk k k= − ∆ , u q= + ξ  ɢ ɩɨɫɥɟ ɩɪɟɨɛ-

ɪɚɡɨɜɚɧɢɣ ɭɪɚɜɧɟɧɢɟ (8) ɩɪɢɦɟɬ ɜɢɞ 

 

1 ɦ 1a kq kε = − ε − ∆ + ξ$ ,            (9) 

 

ɝɞɟ k∆  – ɫɧɢɠɟɧɢɟ ɤɨɷɮɮɢɰɢɟɧɬɚ ɷɮɮɟɤɬɢɜ-
ɧɨɫɬɢ ɬɨɪɦɨɡɧɨɝɨ ɭɩɪɚɜɥɟɧɢɹ; ξ  – ɤɨɪɪɟɤɰɢɹ 
ɭɩɪɚɜɥɹɸɳɟɝɨ ɜɨɡɞɟɣɫɬɜɢɹ. 

Ⱦɥɹ ɥɢɧɟɣɧɨɝɨ ɨɛɴɟɤɬɚ ɭɩɪɚɜɥɟɧɢɹ ɢ ɧɟɥɢ-

ɧɟɣɧɨɝɨ ɭɩɪɚɜɥɹɸɳɟɝɨ ɭɫɬɪɨɣɫɬɜɚ (ɬɨɪɦɨɡ-
ɧɨɝɨ ɩɪɢɜɨɞɚ) ɫɢɫɬɟɦɚ ɭɪɚɜɧɟɧɢɣ ɚɜɬɨɦɚɬɢ-

ɱɟɫɤɨɝɨ ɭɩɪɚɜɥɟɧɢɹ ɢɦɟɟɬ ɜɢɞ 

 

1 ɦ 1

2 1

1 1 2 2

( )

x a x kq k

x x

f

c x c x r

= − − ∆ + ξ⎫
⎪= ⎪
⎬

ξ = σ ⎪
⎪σ = − + − ξ ⎭

$
$
$

$ $

,             (10) 

 

ɝɞɟ 2x  – ɨɬɤɥɨɧɟɧɢɟ ɤɨɨɪɞɢɧɚɬɵ (ɬɨɪɦɨɡɧɨɝɨ 
ɩɭɬɢ) ɤɨɥɟɫɧɨɣ ɦɚɲɢɧɵ; 2 1x x= = ε$  – ɨɬɤɥɨ-
ɧɟɧɢɟ ɫɤɨɪɨɫɬɢ ɞɜɢɠɟɧɢɹ; 1x = ε$$  – ɨɬɤɥɨɧɟ-
ɧɢɟ ɭɫɤɨɪɟɧɢɹ ɤɨɥɟɫɧɨɣ ɦɚɲɢɧɵ; ( )f σ  – 

ɯɚɪɚɤɬɟɪɢɫɬɢɤɚ ɦɨɞɭɥɹɬɨɪɚ; σ  – ɜɯɨɞɧɨɣ 

ɫɢɝɧɚɥ ɦɨɞɭɥɹɬɨɪɚ; 1 2,c c  – ɩɟɪɟɞɚɬɨɱɧɵɟ 
ɱɢɫɥɚ ɢɡɦɟɪɢɬɟɥɶɧɵɯ ɰɟɩɟɣ; r  – ɤɨɷɮɮɢɰɢ-

ɟɧɬ ɨɛɪɚɬɧɨɣ ɫɜɹɡɢ ɫɢɫɬɟɦɵ ɭɩɪɚɜɥɟɧɢɹ. 
 

ȼ ɦɚɬɪɢɱɧɨɣ ɮɨɪɦɟ ɡɚɩɢɫɢ ɫɢɫɬɟɦɚ (10) ɩɪɢ-

ɨɛɪɟɬɚɟɬ ɜɢɞ 

 

( )

x x b

( )

c ,xT

A kq

f

r

⎫= − ∆ + ξ
⎪⎪ξ = σ ⎬
⎪

σ = − ξ ⎪⎭

$
$

$

,                (11) 

 

ɝɞɟ 
ɦ 1 1

2 2

0
; x ;x ; b ;

1 0 0

a x x k
A

x x

−⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
= = = =⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠⎝ ⎠ ⎝ ⎠ ⎝ ⎠

$
$

$

1

2

cT
c

c

−⎛ ⎞
= ⎜ ⎟
⎝ ⎠

 – ɦɚɬɪɢɰɵ ɫɢɫɬɟɦɵ; ( ).,.  – ɫɤɚɥɹ-

ɪɧɨɟ ɩɪɨɢɡɜɟɞɟɧɢɟ ɜɟɤɬɨɪɨɜ. 
 

ȼ ɭɪɚɜɧɟɧɢɹɯ (11) ɧɟɢɡɜɟɫɬɧɵɦɢ ɮɭɧɤɰɢɹɦɢ 

ɜɪɟɦɟɧɢ ɹɜɥɹɟɬɫɹ ɦɚɬɪɢɰɚ-ɫɬɨɥɛɟɰ x  ɢ ɫɤɚ-
ɥɹɪɧɚɹ ɜɟɥɢɱɢɧɚ ξ . Ⱦɢɮɮɟɪɟɧɰɢɪɭɹ ɫɢɫɬɟɦɭ 
(11), ɩɨɥɭɱɢɦ ɨɩɢɫɚɧɢɟ ɫɤɨɪɨɫɬɢ ɢɡɦɟɧɟɧɢɹ 
ɩɚɪɚɦɟɬɪɚ ɞɥɹ ɨɰɟɧɤɢ ɫɨɫɬɨɹɧɢɹ ɫɢɫɬɟɦɵ 

ɭɩɪɚɜɥɟɧɢɹ. Ⱦɥɹ ɩɪɢɜɟɞɟɧɢɹ ɫɢɫɬɟɦɵ ɭɪɚɜ-
ɧɟɧɢɣ ɤ ɧɨɪɦɚɥɶɧɨɣ ɮɨɪɦɟ ɡɚɩɢɫɢ ɩɟɪɟɣɞɟɦ 

ɤ ɧɨɜɵɦ ɩɟɪɟɦɟɧɧɵɦ, ɚ ɢɦɟɧɧɨ, ɩɭɫɬɶ 
 

( )
y x b x

c ,xT

A kq

r

= − ∆ + ξ =

σ = − ξ

$

$
.       (12) 

 

Ɍɨɝɞɚ ɩɨɫɥɟ ɞɢɮɮɟɪɟɧɰɢɪɨɜɚɧɢɹ ɢ ɡɚɦɟɧɵ 

ɩɟɪɟɦɟɧɧɵɯ ɜ ɫɢɫɬɟɦɟ (11) ɩɨɥɭɱɢɦ 
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( ),

( )

T

y Ax b

c x r

f

⎫= + ξ
⎪⎪σ = − ξ⎬
⎪

ξ = σ ⎪⎭

$$ $
$$ $$

$
, 

 

ɢɥɢ  
 

( ),

( )

T

y Ay b

c y r

f

⎫= + ξ
⎪⎪σ = − ξ⎬
⎪

ξ = σ ⎪⎭

$$
$$ $

$
 .              (13) 

 

ɉɪɟɨɛɪɚɡɭɟɦ ɜɬɨɪɨɟ ɭɪɚɜɧɟɧɢɟ ɫɢɫɬɟɦɵ (13), 

ɩɨɞɫɬɚɜɢɜ ɡɧɚɱɟɧɢɟ y$  

 

( ) ( )( ),T T Tc Ay b r c Ay c b rσ = + ξ − ξ = + − ξ$ $ $$ , 

 

ɨɛɨɡɧɚɱɢɜ 
 

( )( )*

*

, ;

,

Tr c b r

c A c

= − −

′=
 

 

ɢ ɭɱɢɬɵɜɚɹ, ɱɬɨ ( )c c
T

T TA A= , ɩɨɥɭɱɢɦ 

( )* *c y
T

rσ = − ξ$$ . ɉɨɫɥɟ ɩɪɨɜɟɞɟɧɧɵɯ ɩɪɟɨɛ-

ɪɚɡɨɜɚɧɢɣ ɢ ɜɜɟɞɟɧɧɵɯ ɨɛɨɡɧɚɱɟɧɢɣ ɫɢɫɬɟɦɚ 
ɭɪɚɜɧɟɧɢɣ (10) ɩɪɢɨɛɪɟɬɚɟɬ ɜɢɞ 
 

( )* *

( )

T

y Ay b

c y r

f

⎫= + ξ
⎪⎪σ = − ξ⎬
⎪

ξ = σ ⎪⎭

$$

$$

$
.            (14) 

 

ɍɩɪɨɫɬɢɦ ɫɢɫɬɟɦɭ (14), ɩɨɞɫɬɚɜɢɜ ɜ ɩɟɪɜɨɟ ɢ 

ɜɬɨɪɨɟ ɭɪɚɜɧɟɧɢɹ ɡɧɚɱɟɧɢɟ ξ$ . 

 

( )* *

( )

( )
T

y Ay bf

c y r f

= + σ ⎫⎪
⎬

σ = − σ ⎪⎭

$

$
 .      (15) 

 

ɉɨɬɪɟɛɭɟɦ, ɱɬɨɛɵ ɨɩɪɟɞɟɥɢɬɟɥɶ ɥɢɧɟɣɧɨɝɨ 
ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ (12) ɛɵɥ ɨɬɥɢɱɟɧ ɨɬ ɧɭɥɹ 
 

ɦ

2

1 2

0

1 0 0 0

a k

k c

c c r

−
= ⋅ ≠

− −
.    (16) 

 

ȼ ɷɬɨɦ ɩɪɟɞɩɨɥɨɠɟɧɢɢ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɟ 
ɭɪɚɜɧɟɧɢɹ ɜɨɡɦɭɳɟɧɧɨɝɨ ɞɜɢɠɟɧɢɹ (11) ɢ 

(15) ɛɭɞɭɬ ɜɡɚɢɦɧɨ ɷɤɜɢɜɚɥɟɧɬɧɵ. ɗɬɨ ɨɡɧɚ-

ɱɚɟɬ, ɱɬɨ ɢɡ ɚɛɫɨɥɸɬɧɨɣ ɭɫɬɨɣɱɢɜɨɫɬɢ ɨɬɧɨ-
ɫɢɬɟɥɶɧɨ ɩɟɪɟɦɟɧɧɵɯ y  ɢ σ  ɫɥɟɞɭɟɬ ɚɛɫɨ-
ɥɸɬɧɚɹ ɭɫɬɨɣɱɢɜɨɫɬɶ ɨɬɧɨɫɢɬɟɥɶɧɨ ɩɟɪɟɦɟɧ-

ɧɵɯ x , ξ , ɢ ɧɚɨɛɨɪɨɬ. 
 

ɍɫɥɨɜɢɹ ɭɫɬɨɣɱɢɜɨɫɬɢ ɦɨɠɧɨ ɨɬɵɫɤɚɬɶ ɢ ɩɨ 
ɫɢɫɬɟɦɟ (15) ɜ ɦɚɬɪɢɱɧɨɣ ɮɨɪɦɟ [6, 7], ɧɨ 

ɦɟɬɨɞ, ɩɪɟɞɥɨɠɟɧɧɵɣ Ʌɭɪɶɟ [8], ɛɨɥɟɟ ɩɪɨɫ-
ɬɨɣ. Ɇɟɬɨɞ Ʌɭɪɶɟ ɨɫɧɨɜɚɧ ɧɚ ɩɟɪɟɯɨɞɟ ɤ ɤɚ-
ɧɨɧɢɱɟɫɤɢɦ ɩɟɪɟɦɟɧɧɵɦ ɢ ɩɨɡɜɨɥɹɟɬ ɧɟɡɚɜɢ-

ɫɢɦɨ ɨɬ ɧɚɱɚɥɶɧɨɝɨ ɫɨɫɬɨɹɧɢɹ ɫɢɫɬɟɦɵ ɢ 

ɤɨɧɤɪɟɬɧɨɝɨ ɜɵɛɨɪɚ ɞɨɩɭɫɬɢɦɨɣ ɯɚɪɚɤɬɟɪɢɫ-
ɬɢɤɢ ( )f σ  ɪɟɝɭɥɹɬɨɪɚ ɨɩɪɟɞɟɥɢɬɶ ɧɟɨɛɯɨ-
ɞɢɦɵɟ ɢ ɞɨɫɬɚɬɨɱɧɵɟ ɭɫɥɨɜɢɹ ɚɫɢɦɩɬɨɬɢɱɟɫ-
ɤɨɣ ɭɫɬɨɣɱɢɜɨɫɬɢ ɫɢɫɬɟɦɵ (11). 

 

Ⱦɥɹ ɩɟɪɟɯɨɞɚ ɜ ɫɢɫɬɟɦɟ (15) ɤ ɤɚɧɨɧɢɱɟɫɤɢɦ 

ɩɟɪɟɦɟɧɧɵɦ ɜɵɩɨɥɧɢɦ ɥɢɧɟɣɧɨɟ ɩɪɟɨɛɪɚɡɨ-
ɜɚɧɢɟ 
 

u y= Λ  

 

ɫ ɧɟɨɫɨɛɟɧɧɨɣ ɦɚɬɪɢɰɟɣ 1
kj

−Λ = α . Ⱦɥɹ 

ɤɨɦɩɨɧɟɧɬɨɜ ɭɪɚɜɧɟɧɢɣ (15) ɥɢɧɟɣɧɨɟ ɩɪɟɨ-
ɛɪɚɡɨɜɚɧɢɟ ɢɦɟɟɬ ɜɢɞ 

 
1 1,y u y u− −= Λ = Λ$ $ . 

 

ɉɨɫɥɟ ɥɢɧɟɣɧɨɝɨ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ ɫɢɫɬɟɦɚ 
(15) ɩɪɢɦɟɬ ɜɢɞ 

 

( )

( ) ( )

1 1

* 1 *
T

u A u bf

c u r f

− −

−

⎫Λ = Λ + σ ⎪
⎬

σ = Λ − σ ⎪⎭

$

$
. 

 

ɉɪɟɨɛɪɚɡɭɟɦ ɩɟɪɜɨɟ ɭɪɚɜɧɟɧɢɟ, ɭɦɧɨɠɢɜ ɟɝɨ 

ɫɥɟɜɚ ɧɚ ɦɚɬɪɢɰɭ Λ  

 

( )1 1u A u bf− −ΛΛ = Λ Λ + Λ σ$ . 

 

Ɍɨɝɞɚ, ɭɱɢɬɵɜɚɹ ɪɚɜɟɧɫɬɜɚ 1u Eu u−ΛΛ = =$ $ $  ɢ 

ɨɛɨɡɧɚɱɢɜ 1B A −= Λ Λ , h b= Λ , 1g ( ) cT−= Λ , 

ɧɚɣɞɟɦ 

 

( )
( )*T

u Bu hf

g u r f

= + σ ⎫⎪
⎬

σ = − σ ⎪⎭

$

$
.           (17) 

 

Ȼɭɞɟɦ ɡɚɞɚɜɚɬɶ ɧɟ ɦɚɬɪɢɰɭ ,Λ  ɚ ɦɚɬɪɢɰɭ ,B  

ɫɱɢɬɚɹ, ɱɬɨ ɨɧɚ ɩɪɟɞɫɬɚɜɥɹɟɬ ɧɨɪɦɚɥɶɧɭɸ 

ɮɨɪɦɭ ɀɨɪɞɚɧɚ ɞɥɹ ɦɚɬɪɢɰɵ A  [9]. Ⱦɥɹ ɨɩ-

ɪɟɞɟɥɟɧɢɹ ɧɨɪɦɚɥɶɧɨɣ ɦɚɬɪɢɰɵ ɀɨɪɞɚɧɚ 
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ɧɚɣɞɟɦ ɤɨɪɧɢ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɨɝɨ ɭɪɚɜɧɟ-
ɧɢɹ 
 

ɦ 0
det( )

1

a
A E

− −λ
−λ =

−λ
, 

 

ɝɞɟ 
1 0

0 1
E

⎛ ⎞
= ⎜ ⎟
⎝ ⎠

 – ɟɞɢɧɢɱɧɚɹ ɦɚɬɪɢɰɚ. 

Ɋɚɫɤɪɵɜɚɹ ɨɩɪɟɞɟɥɢɬɟɥɶ, ɩɨɥɭɱɢɦ 

 

ɦ( ) 0aλ ⋅ λ + = ; 

 

ɨɬɫɸɞɚ ɧɚɣɞɟɦ ɤɨɪɧɢ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɨɝɨ 

ɭɪɚɜɧɟɧɢɹ: 1 ɦaλ = −  ɢ 2 0λ = . 

 

Ɍɚɤ ɤɚɤ ɬɨɥɶɤɨ ɨɞɢɧ ɤɨɪɟɧɶ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟ-
ɫɤɨɝɨ ɭɪɚɜɧɟɧɢɹ ɪɚɜɟɧ ɧɭɥɸ, ɚ ɜɬɨɪɨɣ ɤɨɪɟɧɶ 
ɩɪɨɫɬɨɣ, ɬɨ ɧɨɪɦɚɥɶɧɚɹ ɦɚɬɪɢɰɚ ɀɨɪɞɚɧɚ  
ɞɥɹ ɦɚɬɪɢɰɵ A  ɢɦɟɟɬ ɜɢɞ [9] 

 

1 1

2

0 0

0 0 0
B

λ λ⎛ ⎞ ⎛ ⎞
= =⎜ ⎟ ⎜ ⎟λ ⎝ ⎠⎝ ⎠

. 

 

ȼ ɭɪɚɜɧɟɧɢɹɯ (17) ɧɭɠɧɨ ɧɚɣɬɢ ɦɚɬɪɢɰɵ h  ɢ 

g , ɚ ɞɥɹ ɷɬɨɝɨ ɧɭɠɧɨ ɡɧɚɬɶ ɦɚɬɪɢɰɭ Λ  ɢ ɨɛ-

ɪɚɬɧɭɸ ɦɚɬɪɢɰɭ 1−Λ . 

 

Ɉɛɨɡɧɚɱɢɦ 

 

11 12

21 22

α α⎛ ⎞
Λ = ⎜ ⎟α α⎝ ⎠

. 

 

Ɇɚɬɪɢɰɭ Λ  ɛɭɞɟɦ ɢɫɤɚɬɶ, ɩɨɥɶɡɭɹɫɶ ɮɨɪɦɭ-

ɥɨɣ [9] 

 

B AΛ = Λ . 

 

ɋɨɫɬɚɜɢɦ ɩɪɨɢɡɜɟɞɟɧɢɟ BΛ  ɢ AΛ  

 

11 121 1 11 1 12

21 22

11 12 1 11 121

21 22 1 21 22

0
;

0 0 0 0

00

01 0

B

A

α αλ λ α λ α⎛ ⎞⎛ ⎞ ⎛ ⎞
Λ = ⋅ =⎜ ⎟⎜ ⎟ ⎜ ⎟α α⎝ ⎠ ⎝ ⎠⎝ ⎠

α α λ α +αλ⎛ ⎞ ⎛ ⎞⎛ ⎞
Λ = ⋅ =⎜ ⎟ ⎜ ⎟⎜ ⎟α α λ α +α⎝ ⎠⎝ ⎠ ⎝ ⎠

. 

 

Ɍɚɤ ɤɚɤ ɦɚɬɪɢɰɵ BΛ  ɢ AΛ  ɪɚɜɧɵ, ɬɨ ɞɨɥɠ-

ɧɵ ɛɵɬɶ ɪɚɜɧɵ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɟ ɷɥɟɦɟɧɬɵ 

 

1 11 1 11 12 1 21 22

1 12

0

0 0 0

λ α = λ α +α = λ α +α

λ α = =
. (18) 

 

ɂɡ ɷɬɢɯ ɭɪɚɜɧɟɧɢɣ ɧɟɡɚɜɢɫɢɦɵɦɢ ɹɜɥɹɸɬɫɹ 
ɬɨɥɶɤɨ ɞɜɚ. ɉɨɷɬɨɦɭ ɞɜɚ ɧɟɢɡɜɟɫɬɧɵɯ ɷɥɟɦɟ-
ɧɬɚ ɦɚɬɪɢɰɵ Λ  ɦɨɠɧɨ ɜɵɛɪɚɬɶ ɩɪɨɢɡɜɨɥɶɧɨ, 
ɜɵɩɨɥɧɢɜ ɩɪɢ ɷɬɨɦ ɭɫɥɨɜɢɟ det 0Λ ≠ . ɉɪɟɞ-

ɩɨɥɨɠɢɦ, ɱɬɨ 11 221; 1α = α = . Ɍɨɝɞɚ ɢɡ ɧɚɣ-

ɞɟɧɧɵɯ ɭɪɚɜɧɟɧɢɣ (18) ɨɩɪɟɞɟɥɢɦ 

 

12 21

1 ɦ

1 1
0,

a
α = α = − =

λ
. 

 

Ɍɟɩɟɪɶ ɦɚɬɪɢɰɚ Λ  ɜɩɨɥɧɟ ɨɩɪɟɞɟɥɟɧɚ 
 

ɦ

1 0

1
1

a

⎛ ⎞
⎜ ⎟Λ = ⎜ ⎟
⎜ ⎟
⎝ ⎠

. 

 

Ɉɛɪɚɬɧɚɹ ɦɚɬɪɢɰɚ 1−Λ  

 

11 21

1

12 22

−

Λ Λ⎛ ⎞
⎜ ⎟∆ ∆Λ = ⎜ ⎟
Λ Λ⎜ ⎟⎜ ⎟
∆ ∆⎝ ⎠

, 

 

ɝɞɟ kjΛ  – ɚɥɝɟɛɪɚɢɱɟɫɤɨɟ ɞɨɩɨɥɧɟɧɢɟ ɷɥɟɦɟ-
ɧɬɨɜ kjα  ɦɚɬɪɢɰɵ ;Λ  det∆ Λ  – ɨɩɪɟɞɟɥɢɬɟɥɶ 
ɦɚɬɪɢɰɵ Λ . 

 

Ⱥɥɝɟɛɪɚɢɱɟɫɤɨɟ ɞɨɩɨɥɧɟɧɢɟ ɷɥɟɦɟɧɬɚ kjα  

ɪɚɜɧɨ ɟɝɨ ɦɢɧɨɪɭ, ɭɦɧɨɠɟɧɧɨɦɭ ɧɚ 
( 1)k j+− [10]. ȼ ɧɚɲɟɦ ɫɥɭɱɚɟ 
 

ɦ

11 12 21 22

ɦ

1 0

det 1;1
1

1
1; ; 0; 1

a

ɚ

∆ = =

Λ = Λ = − Λ = Λ =

. 

 

ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɨɛɪɚɬɧɚɹ ɦɚɬɪɢɰɚ 
 

1

ɦ

1 0

1
1

ɚ

−
⎛ ⎞
⎜ ⎟Λ = ⎜ ⎟−⎜ ⎟
⎝ ⎠

. 

 

Ɉɩɪɟɞɟɥɢɦ ɜɟɤɬɨɪɵ h  ɢ g  ɩɨ ɮɨɪɦɭɥɚɦ [9] 

 

ɦ ɦ

1 0

1
1 0

k
k

h b k

a a

⎛ ⎞ ⎛ ⎞
⎛ ⎞⎜ ⎟ ⎜ ⎟= Λ = ⋅ =⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠

; 
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1 * 1

1ɦ ɦ 1 2
ɦ

2

g ( )c ( ) c

1
1 1

0 0 0
0 1

A

ca a c c
a

c

− − ′ ′= Λ = Λ =

⎛ ⎞− −− +⎛ ⎞⎛ ⎞ ⎛ ⎞⎜ ⎟= ⋅ ⋅ =⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎝ ⎠ ⎝ ⎠⎝ ⎠⎜ ⎟
⎝ ⎠

. 

 

ɋɢɫɬɟɦɚ ɭɪɚɜɧɟɧɢɣ (11), ɡɚɩɢɫɚɧɧɚɹ ɜ ɫɤɚɥɹ-
ɪɧɨɣ ɮɨɪɦɟ ɩɨɫɥɟ ɡɚɦɟɧɵ ɩɟɪɟɦɟɧɧɵɯ x  ɢ 

ξ , ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ, ɧɚ u  ɢ ,σ  ɩɪɢɦɟɬ ɜɢɞ 

 

1 1 1 1

2 2

*
1 1 2 2

( )

( )

( )

u u h f

u h f

g u g u r f

⎫= λ + σ
⎪

= σ ⎬
⎪σ = + − σ ⎭

$
$

$
, 

 

ɝɞɟ 1 2 1 ɦ 1 2 2

ɦ

; ;g ; 0
k

h k h a c c g
a

= = = + = . 

 

Ɂɚɦɟɧɢɦ ɩɟɪɟɦɟɧɧɵɟ u  ɧɚ ɤɚɧɨɧɢɱɟɫɤɢɟ z  

ɩɨ ɮɨɪɦɭɥɚɦ 
 

1 1 1 2 2 2;u h z u h z= = . 

 

ȼ ɪɟɡɭɥɶɬɚɬɟ ɡɚɦɟɧɵ ɩɟɪɟɦɟɧɧɵɯ ɢ ɨɛɨɡɧɚ-
ɱɟɧɢɣ ɤɨɷɮɮɢɰɢɟɧɬɨɜ ɢɦɟɟɦ ɤɚɧɨɧɢɱɟɫɤɭɸ 

ɮɨɪɦɭ ɡɚɩɢɫɢ ɭɪɚɜɧɟɧɢɣ ɫɢɫɬɟɦɵ ɭɩɪɚɜɥɟ-
ɧɢɹ 
 

( )
1 1 1

2

*
1 1

( )

( )

z z f

z f

e z r f

⎫= λ + σ
⎪

= σ ⎬
⎪

σ = − σ ⎭

$
$

$

 ,         (19) 

 

ɝɞɟ 1 1 1 ɦ 1 2( )e g h a c c k= = + ; 2 2 2 0e g h= =  

( )( ) ( )* *
1 2

1

c ,
0

.

k
r b r c c r

r c k

⎛ ⎞⎛ ⎞
= − − = − − + ⋅ − =⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠
= +

 

 

ɍɫɥɨɜɢɹ ɚɛɫɨɥɸɬɧɨɣ ɭɫɬɨɣɱɢɜɨɫɬɢ       

ɞɜɢɠɟɧɢɹ ɫɢɫɬɟɦɵ 

 

Ⱦɥɹ ɨɩɪɟɞɟɥɟɧɢɹ ɞɨɫɬɚɬɨɱɧɵɯ ɭɫɥɨɜɢɣ ɚɛɫɨ-
ɥɸɬɧɨɣ ɭɫɬɨɣɱɢɜɨɫɬɢ ɫɨɫɬɚɜɢɦ ɫɥɟɞɭɸɳɭɸ 

ɮɭɧɤɰɢɸ Ʌɹɩɭɧɨɜɚ [9] 

 

2
1 1

0

1
( )

2
V e z f d

σ

= − − σ σ∫ .         (20) 

 

Ɉɱɟɜɢɞɧɨ, ɱɬɨ ɮɭɧɤɰɢɹ V  ɨɩɪɟɞɟɥɟɧɧɨ-
ɨɬɪɢɰɚɬɟɥɶɧɚ ɨɬɧɨɫɢɬɟɥɶɧɨ ɩɟɪɟɦɟɧɧɵɯ 1z  ɢ 

σ  ɢ ɧɟ ɡɚɜɢɫɢɬ ɨɬ 2z . ȼɵɱɢɫɥɢɦ ɩɨɥɧɭɸ 

ɩɪɨɢɡɜɨɞɧɭɸ ɨɬ ɮɭɧɤɰɢɢ V  ɩɨ ɜɪɟɦɟɧɢ 

1 1 1 ( )V e z z f= − ⋅ − σ σ$ $$  .           (21) 

 

ȼɧɟɫɟɦ ɜ ɜɵɪɚɠɟɧɢɟ (21) ɡɧɚɱɟɧɢɹ ɩɪɨɢɡɜɨ-
ɞɧɵɯ 1z$  ɢ σ$  ɢɡ ɭɪɚɜɧɟɧɢɣ (19) 

 

[ ] *
1 1 1 1 1 1( ) ( ) ( )V e z z f f e z r f⎡ ⎤= − λ + σ − σ − σ⎣ ⎦

$ , 

 

ɢɥɢ 

 

( )2 * 2
1 1 1 1 1 1 ( ) ( )V e z e e z f r f= − λ − + σ + σ$ . (22) 

 

ɉɨɫɤɨɥɶɤɭ ɮɭɧɤɰɢɹ V  ɨɩɪɟɞɟɥɟɧɧɨ-ɨɬɪɢɰɚ-
ɬɟɥɶɧɚ ɨɬɧɨɫɢɬɟɥɶɧɨ ɩɟɪɟɦɟɧɧɵɯ 1z  ɢ σ  ɢ 

ɧɟ ɡɚɜɢɫɢɬ ɨɬ 2z , ɬɨ ɭɫɬɨɣɱɢɜɨɫɬɶ ɞɜɢɠɟɧɢɹ 
ɫɢɫɬɟɦɵ ɭɩɪɚɜɥɟɧɢɹ ɛɭɞɟɬ ɨɛɟɫɩɟɱɢɜɚɬɶɫɹ 
ɩɪɢ ɨɩɪɟɞɟɥɟɧɧɨ-ɩɨɥɨɠɢɬɟɥɶɧɨɦ ɡɧɚɱɟɧɢɢ 

ɟɟ ɩɨɥɧɨɣ ɩɪɨɢɡɜɨɞɧɨɣ (22). 

 

Ⱦɥɹ ɚɧɚɥɢɡɚ ɭɫɬɨɣɱɢɜɨɫɬɢ ɞɜɢɠɟɧɢɹ ɫɢɫɬɟɦɵ 

ɭɩɪɚɜɥɟɧɢɹ ɪɚɫɫɦɨɬɪɢɦ ɞɜɚ ɦɚɬɟɦɚɬɢɱɟɫɤɢ 

ɜɨɡɦɨɠɧɵɯ ɜɚɪɢɚɧɬɚ: 
– ɜɚɪɢɚɧɬ ɩɟɪɜɵɣ: ɤɨɷɮɮɢɰɢɟɧɬ 1 0e > , ɢ, 

ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ 1 1e e= . 

 

Ɍɨɝɞɚ ɪɚɜɟɧɫɬɜɨ (20) ɩɪɢɦɟɬ ɜɢɞ 

 
2 *

1 1 1 1 12 ( ) ( )V e z e z f r f= − λ − σ + σ$ , 

 

ɱɬɨ ɦɨɠɧɨ ɡɚɩɢɫɚɬɶ ɢ ɬɚɤ 
 

( )
2

* 21
1 1 1

1 1

( )f e
V e z r f

⎡ ⎤ ⎛ ⎞σ
= − λ + + + σ⎜ ⎟⎢ ⎥λ λ⎣ ⎦ ⎝ ⎠

$  . (23) 

 

ɗɬɚ ɮɭɧɤɰɢɹ ɛɭɞɟɬ ɨɩɪɟɞɟɥɟɧɧɨ-ɩɨɥɨɠɢ-

ɬɟɥɶɧɚ ɨɬɧɨɫɢɬɟɥɶɧɨ 1z  ɢ σ , ɟɫɥɢ ɩɪɢ 1 0e >  

ɛɭɞɟɬ ɜɵɩɨɥɧɹɬɶɫɹ ɭɫɥɨɜɢɟ 
 

* 1

1

0
e

r + >
λ

.                        (24) 

 

ɉɪɟɨɛɪɚɡɭɟɦ ɭɫɥɨɜɢɟ (24), ɩɨɞɫɬɚɜɢɜ ɡɧɚɱɟ-
ɧɢɹ 1 1 ɢ  e λ  

 

ɦ 1 2
1

ɦ

( )
0;

k a c c
r c k

a

+
+ + >

−
 

ɦ 2ra kc> . 

 

ɂ ɨɤɨɧɱɚɬɟɥɶɧɨ ɭɫɥɨɜɢɟ ɨɛɟɫɩɟɱɟɧɢɹ ɭɫɬɨɣ-

ɱɢɜɨɝɨ ɞɜɢɠɟɧɢɹ ɫɢɫɬɟɦɵ ɭɩɪɚɜɥɟɧɢɹ ɜ ɩɟɪ-
ɜɨɦ ɜɚɪɢɚɧɬɟ ɩɪɢɦɟɬ ɜɢɞ 
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2

ɦ

c
r k

a
> .                       (25) 

 

Ɉɛɥɚɫɬɶ ɚɛɫɨɥɸɬɧɨɣ ɭɫɬɨɣɱɢɜɨɫɬɢ ɫɢɫɬɟɦɵ 

ɚɜɬɨɦɚɬɢɱɟɫɤɨɝɨ ɭɩɪɚɜɥɟɧɢɹ ɬɨɪɦɨɡɚɦɢ ɤɨ-
ɥɟɫɧɨɣ ɦɚɲɢɧɵ, ɜ ɫɨɨɬɜɟɬɫɬɜɢɢ ɫ ɭɫɥɨɜɢɟɦ 

(25), ɦɨɠɧɨ ɩɪɟɞɫɬɚɜɢɬɶ ɜ ɜɢɞɟ ɪɢɫ. 1. 

 

Ɇɢɧɢɦɚɥɶɧɨɟ ɢ ɦɚɤɫɢɦɚɥɶɧɨɟ ɡɧɚɱɟɧɢɹ ɩɚ-

ɪɚɦɟɬɪɚ 2

ɦ

c
k

a
 ɞɥɹ ɞɚɧɧɨɝɨ ɥɢɧɟɚɪɢɡɨɜɚɧɧɨɝɨ 

ɭɱɚɫɬɤɚ ɞɜɢɠɟɧɢɹ ɨɩɪɟɞɟɥɹɸɬɫɹ ɤɨɷɮɮɢɰɢɟ-
ɧɬɨɦ ɷɮɮɟɤɬɢɜɧɨɫɬɢ ɬɨɪɦɨɡɧɨɝɨ ɭɩɪɚɜɥɟɧɢɹ 
k , ɩɚɪɚɦɟɬɪɚɦɢ ɤɨɥɟɫɧɨɣ ɦɚɲɢɧɵ ɜ ɫɧɚɪɹ-
ɠɟɧɧɨɦ ɫɨɫɬɨɹɧɢɢ ɢ ɫɪɟɞɧɟɣ ɫɤɨɪɨɫɬɶɸ ɟɟ 
ɞɜɢɠɟɧɢɹ ɧɚ ɷɬɨɦ ɭɱɚɫɬɤɟ. ɉɪɢ ɷɬɨɦ ɧɟɨɛɯɨ-
ɞɢɦɨ ɬɚɤɠɟ ɫɨɛɥɸɞɚɬɶ ɭɫɥɨɜɢɟ (16). 

 

k c2

aɆ

r

Ɉɛɥɚɫɬɶ
ɚɛɫɨɥɸɬɧɨɣ
ɭɫɬɨɣɱɢɜɨɫɬɢ

(k c2

aɆ
)min (k c2

aɆ
)max

 
 

Ɋɢɫ. 1. ɍɫɬɨɣɱɢɜɨɫɬɶ ɞɜɢɠɟɧɢɹ ɫɢɫɬɟɦɵ 

ɭɩɪɚɜɥɟɧɢɹ ɩɪɢ 1 0e >  

 

– ɜɚɪɢɚɧɬ ɜɬɨɪɨɣ: ɤɨɷɮɮɢɰɢɟɧɬ 1 0e <  ɢ, ɫɨɨ-
ɬɜɟɬɫɬɜɟɧɧɨ, 1 1e e= − . 

 

Ɍɟɩɟɪɶ ɪɚɜɟɧɫɬɜɨ (22) ɩɪɢɨɛɪɟɬɚɟɬ ɜɢɞ 

 
2 * 2

1 1 1 ( )V e z r f= λ + σ$ .          (26) 

 

Ɏɭɧɤɰɢɹ ,V$  ɨɩɪɟɞɟɥɟɧɧɚɹ ɪɚɜɟɧɫɬɜɨɦ (26), 

ɛɭɞɟɬ ɨɩɪɟɞɟɥɟɧɧɨ-ɩɨɥɨɠɢɬɟɥɶɧɨɣ ɨɬɧɨɫɢ-

ɬɟɥɶɧɨ 1z  ɢ σ , ɬɚɤ ɤɚɤ 1 ɦ 0aλ = − <  ɩɪɢ ɜɫɟɯ 

1 0e < , ɟɫɥɢ ɜɵɩɨɥɧɹɟɬɫɹ ɭɫɥɨɜɢɟ 
 

* 0r > .                            (27) 

ɉɨɞɫɬɚɜɢɜ ɡɧɚɱɟɧɢɟ *r , ɨɤɨɧɱɚɬɟɥɶɧɨ ɩɨɥɭɱɢɦ 

ɭɫɥɨɜɢɟ ɭɫɬɨɣɱɢɜɨɫɬɢ ɜɨ ɜɬɨɪɨɦ ɜɚɪɢɚɧɬɟ 

1 10r c k r c k+ > ⇒ > − .            (28) 

 

Ɉɛɥɚɫɬɶ ɚɛɫɨɥɸɬɧɨɣ ɭɫɬɨɣɱɢɜɨɫɬɢ ɫɢɫɬɟɦɵ 

ɚɜɬɨɦɚɬɢɱɟɫɤɨɝɨ ɭɩɪɚɜɥɟɧɢɹ ɜ ɷɬɨɦ ɫɥɭɱɚɟ 
ɢɦɟɟɬ ɜɢɞ, ɩɪɟɞɫɬɚɜɥɟɧɧɵɣ ɧɚ ɪɢɫ. 2. 

 

-kc1

r

Ɉɛɥɚɫɬɶ
ɚɛɫɨɥɸɬɧɨɣ
ɭɫɬɨɣɱɢɜɨɫɬɢ

 
 

Ɋɢɫ. 2. ɍɫɬɨɣɱɢɜɨɫɬɶ ɞɜɢɠɟɧɢɹ ɫɢɫɬɟɦɵ 

ɭɩɪɚɜɥɟɧɢɹ ɩɪɢ 1 0e <  

 

ȼɵɜɨɞɵ 

 

ȼ ɫɨɨɬɜɟɬɫɬɜɢɢ ɫ ɩɟɪɜɵɦ ɜɚɪɢɚɧɬɨɦ ɭɫɥɨɜɢɹ 
ɭɫɬɨɣɱɢɜɨɫɬɢ ɜɨɡɦɭɳɟɧɧɨɝɨ ɞɜɢɠɟɧɢɹ, ɤɨɷ-
ɮɮɢɰɢɟɧɬ ɨɛɪɚɬɧɨɣ ɫɜɹɡɢ r  ɫɢɫɬɟɦɵ ɭɩɪɚɜ-
ɥɟɧɢɹ ɬɨɪɦɨɡɚɦɢ ɤɨɥɟɫɧɨɣ ɦɚɲɢɧɵ ɞɨɥɠɟɧ 

ɛɵɬɶ ɛɨɥɶɲɟ ɧɭɥɹ. 
 

Ɇɢɧɢɦɚɥɶɧɨ ɞɨɩɭɫɬɢɦɨɟ ɡɧɚɱɟɧɢɟ ɤɨɷɮɮɢ-

ɰɢɟɧɬɚ ɨɛɪɚɬɧɨɣ ɫɜɹɡɢ r  ɨɩɪɟɞɟɥɹɟɬɫɹ ɦɢ-

ɧɢɦɚɥɶɧɨ ɞɨɩɭɫɬɢɦɵɦ ɡɧɚɱɟɧɢɟɦ ɤɨɷɮɮɢɰɢ-

ɟɧɬɚ ɷɮɮɟɤɬɢɜɧɨɫɬɢ ɬɨɪɦɨɡɧɨɝɨ ɭɩɪɚɜɥɟɧɢɹ 
mink  [11] ɢ ɦɚɤɫɢɦɚɥɶɧɨɣ ɫɤɨɪɨɫɬɶɸ ɦɨɞɟɥɢ 

ɤɨɥɟɫɧɨɣ ɦɚɲɢɧɵ ɦ maxV . Ⱦɚɧɧɚɹ ɫɤɨɪɨɫɬɶ 
ɞɨɥɠɧɚ ɫɨɨɬɜɟɬɫɬɜɨɜɚɬɶ ɦɚɤɫɢɦɚɥɶɧɨɣ ɬɟɯ-
ɧɢɱɟɫɤɨɣ ɫɤɨɪɨɫɬɢ ɤɨɥɟɫɧɨɣ ɦɚɲɢɧɵ ɜ ɫɧɚ-
ɪɹɠɟɧɧɨɦ ɫɨɫɬɨɹɧɢɢ. 

 

Ɇɚɤɫɢɦɚɥɶɧɨɟ ɡɧɚɱɟɧɢɟ ɤɨɷɮɮɢɰɢɟɧɬɚ ɨɛɪɚ-
ɬɧɨɣ ɫɜɹɡɢ r  ɨɩɪɟɞɟɥɹɟɬɫɹ ɦɚɤɫɢɦɚɥɶɧɨ ɞɨ-
ɩɭɫɬɢɦɵɦ ɤɨɷɮɮɢɰɢɟɧɬɨɦ ɷɮɮɟɤɬɢɜɧɨɫɬɢ 

ɬɨɪɦɨɡɧɨɝɨ ɭɩɪɚɜɥɟɧɢɹ maxk  [11] ɢ ɦɢɧɢɦɚ-
ɥɶɧɨɣ ɫɤɨɪɨɫɬɶɸ ɦɨɞɟɥɢ ɤɨɥɟɫɧɨɣ ɦɚɲɢɧɵ 

ɦ minV , ɤɨɬɨɪɚɹ ɞɨɥɠɧɚ ɛɵɬɶ ɪɚɜɧɚ ɦɢɧɢɦɚ-
ɥɶɧɨɣ ɭɫɬɨɣɱɢɜɨɣ ɫɤɨɪɨɫɬɢ ɞɜɢɠɟɧɢɹ ɤɨɥɟɫ-
ɧɨɣ ɦɚɲɢɧɵ. 

 

ȼɬɨɪɨɣ ɜɚɪɢɚɧɬ ɭɫɥɨɜɢɹ ɭɫɬɨɣɱɢɜɨɫɬɢ ɜɨɡ-
ɦɭɳɟɧɧɨɝɨ ɞɜɢɠɟɧɢɹ ɫɢɫɬɟɦɵ, ɬɨ ɟɫɬɶ ɜ ɫɥɭ-

ɱɚɟ ɨɬɪɢɰɚɬɟɥɶɧɨɝɨ ɡɧɚɱɟɧɢɹ ɤɨɷɮɮɢɰɢɟɧɬɚ 
1e , ɜɨɡɦɨɠɟɧ ɬɨɥɶɤɨ ɩɪɢ ɨɬɪɢɰɚɬɟɥɶɧɨɦ ɡɧɚ-
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ɱɟɧɢɢ ɤɨɷɮɮɢɰɢɟɧɬɚ ɷɮɮɟɤɬɢɜɧɨɫɬɢ ɬɨɪɦɨɡ-
ɧɨɝɨ ɭɩɪɚɜɥɟɧɢɹ k  (ɫɦ. ɫɢɫɬɟɦɭ (19)). Ɏɚɤ-
ɬɢɱɟɫɤɢ ɷɬɨ ɨɡɧɚɱɚɟɬ, ɱɬɨ ɡɚɞɚɧɧɨɦɭ ɭɫɢɥɢɸ 

ɧɚ ɩɟɞɚɥɢ ɬɨɪɦɨɡɚ ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɨɩɪɟɞɟɥɟɧ-

ɧɨɟ ɭɫɤɨɪɟɧɢɟ ɤɨɥɟɫɧɨɣ ɦɚɲɢɧɵ. Ɍɨ ɟɫɬɶ 
ɞɚɧɧɵɣ ɜɚɪɢɚɧɬ ɭɫɥɨɜɢɹ ɭɫɬɨɣɱɢɜɨɫɬɢ ɫɨɨɬ-
ɜɟɬɫɬɜɭɟɬ ɬɹɝɨɜɨɦɭ ɪɟɠɢɦɭ ɢ ɧɟ ɩɪɢɟɦɥɟɦ 

ɞɥɹ ɚɧɚɥɢɡɚ ɭɫɬɨɣɱɢɜɨɫɬɢ ɜɨɡɦɭɳɟɧɧɨɝɨ 
ɞɜɢɠɟɧɢɹ ɫɢɫɬɟɦɵ ɭɩɪɚɜɥɟɧɢɹ ɬɨɪɦɨɡɚɦɢ 

ɤɨɥɟɫɧɨɣ ɦɚɲɢɧɵ. 
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