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Physical foundations of vehicle stability when
moving uphill and at longitudinal roll back
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Abstract. Problem. The determination of the stages of stability for vehicles as technical systems
when moving uphill on an inclined section of the road and their possible longitudinal roll back is
considered. The considered stages ensure the safe operation of vehicles in various conditions and
with various combinations of the values of the parameters that are included in the proposed
equations characterizing the stability of the vehicle. Goal. The purpose of the paper is to improve
the method of researching the physical foundations of the stability of vehicles when moving uphill
on an inclined plane, the formation of mathematical models, which allows to significantly improve
the mathematical support of the methods of calculating the stability of two-axle vehicles (cars,
trucks, tractors, special and specialized vehicles, etc.) Methodology. The approaches adopted in
the work to achieve the set goal are based on the classical laws of the mechanics of free-standing
or moving objects, namely: the principle of possible movements, where calculated dynamic and
mathematical models with their solutions are able to preserve the given conditions and
parameters, and characterize the state of stability of the vehicle in case of its longitudinal roll
back. Results. It was established and confirmed by a numerical examples that the longitudinal
stability of a vehicle moving uphill depends on the longitudinal road slope, the vehicle design, the
elasticity of the road surface, the critical overturning angle of the vehicle and its weight
parameters. Originality. The proposed mathematical model of the longitudinal stability of the
vehicle when moving uphill showed that its solution significantly depends on the values of the
geometric parameters of the uphill and the vehicle, and also depends on the position of the center
of gravity of the vehicle relative to the surface of the road surface. Practical value. The obtained
equations for determining the values of the stability parameters of the vehicle when moving uphill
on an inclined road section make it possible to specify the parameters for ensuring the logistics of
vehicles in the conditions of their operation on uphill.

Key words: stability, longitudinal stability, moving uphill, critical overturning angle, longitudinally
overturning, center of gravity..
Introduction Since the vehicle is free-standing or free-moving
on the rise, its stability against overturning is
provided only by its own weight, if the effect of
the wind on the wvehicle is not taken into
account. In this case, we consider the stability of
the vehicle when moving uphill (longitudinal
overturning) based on the design solutions of
models, namely, dynamic and mathematical.

In the physical sense, the stability of the vehicle
when moving uphill is the ability of the system
(vehicle) to return to its previous position
(maintain the direction of movement, resist
overturning) after it (he) has been removed from
this state by any internal or external acting
forces or factors. The main sign of loss of
stability is overturning of the vehicle, for
example when driving on a steep incline, where
the overturning occurs in the longitudinal plane.

Analysis of publications

When analyzing literary sources, it was

In this case, the front wheels lose contact
with the road surface (there are no vertical
reactions on the wheels of the front axle) [1-5].

established that for most modern vehicles with
a low center of gravity, rollover in the
longitudinal plane is unlikely, rollover around
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the wheel axes is possible only in vehicles with
a very short base and a high center of gravity.
In practice, overturning can occur, for example,
as a result of a shift of the load on the loading
platform back [3-7]. However, stability
against overturning in the longitudinal plane is
one of the properties of stability of movement,
because when the stability of the position is
lost, the movement of the vehicle or tractor is
not possible [8, 9]. In these works, the
maximum angle of elevation that vehicles are
capable of overcoming is studied.

Thus, in [10], it is proposed to improve the
longitudinal and transverse stability of a
vehicle with a high center of gravity by
installing an air suspension, which, when the
transverse position of the center of gravity
changes sharply and is close to the critical
value of the center of the body, the
electrovalve of the receiver is activated, as a
result of which automatic filling with
compressed with the air of the pneumatic
cylinder of the suspension from the side of the
uphill.

In work [11], a tractor with a variable base
was developed, for example, where increased
stability is required, the base is set to the
largest, and for work on small areas, where a
minimum turning radius is required, its base is
set to the smallest.

In [12], the loss of stability of a dump truck
when unloaded on a platform with
longitudinal and transverse slopes is
considered, where the maximum allowable
angle of inclination of the unloading platform
is determined, the obtained results can be
useful for evaluating the stability of dump
trucks.

Thus, in works [13, 14], depending on the
orientation, the angle of longitudinal and
transverse stability was determined using a
stand and the coordinate of the center of
gravity was determined by the method of axial
and on-board weighing on automobile scales,
and as a result, methods of increasing stability
by lowering the center of gravity were
proposed and reduction of road clearance, and
optimal placement of cargo.

The article [15] analyzes the stability of the
unified dynamic model of the vehicle using
Matlab/Simulink under various operating
conditions, which allows for a more objective
assessment of the stability of various control
systems developed for the vehicle chassis.

The works [16-18] consider theoretical

methods of determining the longitudinal
coordinate of the location of the center of
gravity based on statistical reference data of
various types of vehicles.

After analyzing the noted works and
studies conducted in the field of stability of
the considered vehicles, only static methods of
determining stability were used or taking into
account dynamic loads according to their
static equivalent. In this article, the authors do
not pretend to be a complete study of
sustainability phenomena, and consider
sustainability as a technical system. The main
methods used in this work in the study of the
stability of vehicles, as free-standing or those
moving at a constant speed, are analytical
methods of analyzing mechanical systems.

Purpose and Tasks

The purpose of the work is to improve the
methods of researching the physical
foundations of the stability of vehicles when
moving uphill on an inclined plane, the
formation of mathematical models, which
should allow to significantly improve and
improve the mathematical support of the
methods of calculating the stability of two-
axle vehicles, such as a car, truck, tractor,
special or specialized vehicle, etc.

To achieve the goal, it is necessary to
complete the following tasks:

1) Consider the dynamic model overturning
of vehicle;

2) Consider the scheme for determining the
angle of elastic inclination of the vehicle;

3) Consider the scheme for determining the
critical angle of inclination of the vehicle
body;

4) To obtain analytical equations
characterizing the stability of the vehicle
when driving uphill.

A dynamic model of a vehicle and a method
for determining the angle of an elastic
inclination of a vehicle

When the vehicle negotiates a steep grade, the
rollback can occur around a line passing through
the centerline of the rear wheels, point B
(see Fig. 1). At the same time, the vehicle
changes its position with the movement of the
center of gravity in height and up the inclined
plane of the road. We believe that the reaction of
the road Ra to the front wheels is initially there,
and at the moment of separation from the
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support (point A) and longitudinally overturning
is zero, and it can be ignored.

The vehicle is in motion on a rise with a
road angle ad and rests on the supports: the
rear support, point B and the front support,
point A with reduced stiffness Ci.
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Fig. 1. Dynamic model of vehicle overturning

In Figure 1, the following notations are
adopted: c.g. — center of gravity of the vehicle;
Gym — weight of the vehicle, Fu« — brought to
the center of gravity overturning force, which
is the action of the forces of the elastic support
of the uphill (point A) and the air brought to
the center of gravity; as — angle of inclination
of the road to the horizontal; a. — the angle of
the constructive location of the center of
gravity; ¢., — the angle of elastic inclination of
the system to separation from support A;
¢ — the current angle of rotation, which can
vary from the elastic angle to the critical angle

9,<0<0,; (1)

where o, — critical angle, from ¢. to the
position where the system will be in a state of
unstable equilibrium; A¢ — the angle between
the critical angle and the vertical plane passing
through the overturning edge (point B);

Rsin(o, +0, +9,, —¢); (2)
Reos(ay +a, +9,, —¢); 3)

arms of the acting forces, relative to the axis of
rotation; A — elastic support of the road surface.

Mathematical model and analysis of its
solution

To determine the mathematical model, the
principle of possible displacements was used,
namely, if a system in equilibrium receives a
possible displacement, then the total work of all
forces on this displacement is zero [19].

N

> (F—mZ )z =0. (4)

i=1

Accordingly, the condition of stability of the
vehicle during longitudinal overturning is
taken as

Aym-wp 2 Anpk-cp ! (5)

where Aym.op — Work of restraining forces when
turning the vehicle to a critical angle (energy
reserve), relative to the overturning edge
(point B).

The work of the restraining forces

Pp
Aoy = | Gy Rosin(o, +a, +9,, —p)dp =
0
= G_Vm . R[Cos(ad to, +¢, -0, ) -
—cos(ay +a, +9,, )] (6)

Schematically, the work of the retaining
forces depending on the angle of inclination of
the system in the form of a graph (see Fig. 2).

M
A g
\g
X
| F
|
|
|
|
g 7 1P |7 (W X -
("‘.IT
qjlf
o P
0
q?r\a
5"V
e —

Fig. 2. The graph of changes in the work of
forces when the angle changes ¢
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The graph shows: area OABL — conditional
work of restraining forces when turning the
vehicle to the corner of the road; area LBCP —
work of restraining forces when turning the
vehicle to a constructive angle; PCDM area is the
work of the restraining forces when turning the
vehicle at a corner @.,,; MDFK area — the work of
the restraining forces when turning the vehicle at a
corner @.p; area MDEN is the work of overturning
forces when the vehicle turns a corner o.

At the same time, the work of overturning
forces when turning a corner ¢ is equal to the
work of the holding forces when turning at an
angle ¢

¢
Anpx. = J- ank ’ R ' Cos(ad + aK + (pnp - (P)d(P ! (7)
0

@
A petagre) = J.Gym ‘R ~sin(ad +o.+9, —(p)d(p r (8)
0

Anpk.(ad +0) = Gym : R : [Cos(ad + ("K + (Pnp - (p) -
—COS((X.d +o,+9¢,, )] . 9)
Substituting equations (6) and (9) into (5),

we get the following equation in the form of an
inequality (equality).

cos(ocd +to,+0,, —(PK,,)Z
> cos(ad +a, +0, —(P) : (10)

We will analyze the solution of the

mathematical model:
1' If (pl(p = (pnp’ (p :(Pnp _A(Pl’ then’

cos(ay +a, +9,, -9, )2
2 Cos(md +o,+09, -9, + A(pl) ; (12)
cos(ay +0a, )>cos(oy +a, +A¢,) (12

the system is stable;
2.1f 9, =0,,, 0=0,, then,

cos(ay +a, +9,, -9, )2

> cos(ad +o, +0,, — (pnp) ; (13)

cos(ay +a, )=cos(a, +a,) (14)

the system is in a state of unstable equilibrium;

3' If (pr :(Pnp +A(P2 ] (P = (pk‘p _A(P3 y then,
Cos(ad +a‘1< +(Pnp _(pnp _A(p2) >

> cos(md +o, +0,, —0, —Ap, + A‘P3) - (19)

COS(OLd +o, —A(p2)>
>C0s( 0y + 0, —AQ, +Ag, ) (16)

the system is stable, but there is a gap between
the support and the base (point A);

4. 1f ¢,=0,+t0 +0,,0=0,+0,+0,,

then,
cos(md +a, +p,, — (pnp) =
=cos(ay +a,+9,, -9, ); 17)

the system is in a state of unstable equilibrium at
support B with a gap in support A (movement of
the vehicle at the limit of possibilities);

Thus, we were convinced that the
mathematical model is legitimate, and its
solutions provide clear and rational solutions
depending on the component angles: elasticity,
critical, actual, taking into account the position
of the center of gravity of the vehicle relative to
the surface of the road surface with which it is in
contact.

As an example, we determine the values of
the angles included in the solution of the
mathematical model.

Since the deformations of the supports depend
on the loads depending on the inclination of the
vehicle, the angle of elasticity is determined with
the known wheel base K, the weight of the vehicle
Gym, and measured variable deformations &1,
supports A and &2 supports B (see Fig. 3), as the
sum of deformations related to the wheel base K

%1%3 _ an (9.,), (18)

or

o, +0
(pnp:arctg( 1K ZJ. (19)

The maximum angle of elastic inclination

_(0,05+o,05
np - 4

> jzarctg(0,0S),
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where the deformations of the supports are equal
to 0.05 m, and the track K =2 m.

9, =2°59".

Fig. 3. The scheme for determining the angle of
elastic inclination

The angle od is determined by direct
measurement, relative to the horizon, of the
weight of the vehicle (see Fig. 4).

The angle of inclination of the road
(see Fig. 4) can be different at the same time in
different places. Based on the data [3], where
the value of the slope is given from 0° to 15° on
a dry road, then, depending on the engaged gear,
up to 40°, we tentatively accept aq = 20°.

the horizon

Fig. 4. The scheme for determining the angle o«

The angle o is determined on a special stand,
or roughly according to the following method.
We take the height of the center of mass from
the center of the rear wheels h = 0.5 m, and the
distance for a horizontal vehicle a =1.5 m.

Then the angle ax can be determined from the
ratio

tan (e, ) =2. (20)

where a — the distance from support B to the
center of gravity of the vehicle; h — the height of
the center of gravity of the vehicle.

9
tan(a, ) =95 _333.
15
or
a, =18°26".

To determine the critical angle o, Wwe
consider the scheme of the vehicle with forces
brought to the center of gravity of the vehicle,
when their net effect passes through the

overturning edge (see Fig. 5).
| ¥

the horizon

Fig. 5. The scheme of determining the critical
angle

The equation for determining the critical
angle will look like this

F
(pkpzad+ax+(pnp—arctg{£j. (21)

ym

where G,» = 30 KN — holding power (vehicle
weight); Fux = 10 kN — longitudinally
overturning force.

0, =20°+18°26"+2°59" —18°26" = 22°59".

To determine the current angle of inclination,
we will use the calculation scheme (see Fig. 5),
on which moments act: clockwise - the moment
of overturning forces and the moment of inertia
My, and anti-clockwise moment of restraint and
elasticity Mip«.

Then, on the basis of the principle of possible
movements, we obtained the equation of
oscillations in the form

2

d’e
IHPF—}_C"(P:M"PK' (22)
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where I,, — moment of inertia of the vehicle
according to fig. 5; ¢ — the angle of inclination
to separation from the left support; M — total
overturning moment; C, — the angular stiffness
of the system is given;

The solution of equation (22) with the
replacement of the overturning moment by the
holding moment is obtained in the form

M
0 =—="(1-cos(pt)), (23)

n

where p — system oscillation frequency.
Because

0<cos(pt)<1, (24)

to separation from the left support A, the
overturning moment is variable

2Mvm
O<g< - (25)

n

or the current angle ¢ (see Fig. 5)

0= , (26)

where F.,« = 10 kN - overturning force,
R=2m, C,=123,5 kNm/deg;

At the same time, the radius of rotation of the
center of gravity will be determined from the
dependence

R=+a’+h?, (27)
R=415"+0,5" =158 m.

Elasticity of support A

Cn = = ! (28)

10-1,58
" 2952

=5,45 kNm/deg.

After the separation of the wheels of the
vehicle in support A from the surface of the road
surface, the wvehicle remains resistant to
cornering @y, or

(Pnp S (p S (p/(p ! (29)

and if there is ¢ >g¢,,, then the system loses
stability: 2°52" <¢ <22°52'.

Analysis of the impact of variations in the
structural, power and other parameters of
vehicles and proposals for their rationality and

optimization were not the purpose of this work
and will be considered in another work.

Conclusion

Based on the conducted research, the following
conclusions can be drawn:

1. Analytical dependences and values of
parameters characterizing, in accordance with
the physical foundations, the stability of vehicles
when they move uphill and possible unwanted
longitudinal overturning were obtained.

2. It was established and confirmed that the
longitudinal stability of vehicles moving uphill
depends on the magnitude of the values of the
angles: the longitudinal road, the design of the
vehicle, the elasticity of the base, the critical
angle, the current angle and the weight of the
vehicle.

3. The proposed mathematical model of
longitudinal stability and its solution are
dependent on the component values of the
angles and the structural positions of the
vehicle's center of gravity relative to the road
surface.

4. Longitudinal stability of the vehicle is lost
when moving uphill when the angle of
inclination of the vehicle exceeds the value of
the critical angle.
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®Di3uyHi 0CHOBM CTiHKOCTi TPAHCIIOPTHOIO
3aco0y npu pyci Ha nmigiioM Ta npu
MOB3/10B:KHHOMY MepPeKHIaHHI HA3a/

Anomauyis. Ilpobnema. Pozenanymo
BUSHAYEHHS emanie CMIUKOCMi MpPaHCNOPMHUX
3ac00i8, AK MeXHIUHUX cucmem, Npu pyci Ha
nioiiom Ha noxXuniu OilaAHYyi dopoeu  ma
MOICTUBOMY NOB3008IUCHLOMY NEPEKUOAHHT, U0
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ABTOTpPaHCNOPTHI 3acobu

13

3abe3neyye be3neyny ix excniyamayiio 6 pizHux
YMOBAX MA KOMOIHAYIAX GeIUYUHU NAPAMEMPIS,
AKI  8X00amb  ma OOMUYHI, 3anpOnOHOBAHI
3aneJiCHOCmi, W0 XaApakmepuzyloms Ccmau ix
cmiuxocmi. Mema. Mema pobomu noaseac y
800CKOHANICHHI MemOOi8 00CNIONCEHHS DI3UUHUX
OCHO8 CMIUKOCMI MPAHCNOPMHUX 3ACc00I8 Npu
pyci  Ha niolomM HaA  NOXUMIU  NAOWUHI,
PopMysanHs  MaAmeMamuyHux —Mooenet, o
dozeonse CYmmeao HOKpawumu i
B00CKOHAIUMU ~MameMamuyHe 3a0e3neyents
MemoOdi8  pO3PAXYHKIE — CMIUKOCMI — MAaKux
mMpancnopmuux — 3acobdie, K  0B0OCHUL
asmomoobine, mpakmop, demoKpaH, d8moeUULKA
i m.n. Memooonocia. Ilputinami 6 pobomi
nioxXo0u  OOCACHEHHs  NOCMAGIeHOI  Memu
0a3zyiomebcs HA KIACUYHUX 3AKOHAX MEeXAHIiKu
ginbHOCMOUUX  abo pyxawuux 00 ’ckmis, a
came. NPUHYUNY MOJCTUBUX TNepemilyens, oOe
PO3DAXYHKOGL OUHAMIYHI MA  MAMeMamuiHi
Mmooeni i3 ix piwenuamu, 30amui 30epicamu
3a0aHi yMO8U ma napamempu, ma ix OCHOGHI
Xapaxkmepuzyeamu — cmax — CMIUKOCmi — npu
N083008JICHbOMY nepekuoanmi Hazao.
Pezynomamu. Bcmanoeneno ma niomeepodiceHo
HA YUCETbHOMY NpuKkiadi, wo HOB3008CHS.
CMIlKicmb ~ MPAHCNOPMHUX — 3aco0is,  AKI
pyxaromsca Ha niouom, 3aiedcums 6i0 GeuduHU
3HAYEeHb  KYmMiG: — NOB3008ICHLO20  OOPOU,
KOHCmpYKyii  3acoby, NpysucHOCmi  OCHOBU,
KPUMUYHO20, NOMOYHO20 Mda BeIUYUHU 6a2u

mpancnopmuoco  3acoby.  OpuciHanbHicme.
3anp0n0H06aHa mamemamudra MoOenb
NOB3006ICHLOI  CMIUKOCMI  MPAHCROPMHUX

3acobis npu pyci Ha niotom ma ii piueHHs €
3AAEHCHUMU 810 CKAAOOBUX 3HAUEHbL KYmie ma
HONOJMCEHb YEeHMpA MAac BIOHOCHO ix onop.
Ilpakmuune 3HAUEHHA. Ompumani
MaAmeMamuyti  3a1eHCHOCMI  OA  GUIHAYEHHS
6eUYUH napamwempis cmitikocmi
mpancnopmuux 3acobie npu pyci 620py Ha
noxunitl OiisIHYi dopoau, a came: Kymie HAXULy
odopoeu, po3MiweHHs yewmpy Mmac 3aco6y,
NPYIACHO20, NOMOYHO20 MA KPUMUYHO20, U0

3abesneuyoms mMa HOKPAWYIOMb  J102ICTMUKY
MPAnCnOPMHUX 3AC00I8 8 YMOBAX eKCHIAYAMAayii.

Knrouosi  cnosa: cmitikicms,  n03008iCHs
cmitikicmv, pyx 6 2opy, KpUmuyHuti Kym
nepekudanHs, n03008IHCHE NEePEeKUOAHHS, YeHMP
eazu.
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